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Abstract

We studythe synthesigproblemof an LQR controllerwhenthe matrix describingthe control law is
constrainedo lie in a particularvectorspace Our motivationis the useof suchcontrollaws to stabilize
networks of autonomousgentsin a decentralizedashion,with the information o w beingdictatedby
the constraintsof a pre-speci edtopology In this paper we considerthe nite-horizon versionof the
problemand provide both a computationallyintensve optimal solutionand a sub-optimalsolutionthat
is computationallymore tractable.Thenwe apply the techniqueto the decentralizedsehicle formation
control problem. It is numericallyillustrated that while the loss in performancedue to the useof the

sub-optimalsolutionis not huge,the topology can have a large effect on performance.

1. INTRODUCTION AND MOTIVATION

Control of dynamicagentscoupledto eachother throughan information o w network has
emegedasa topic of major interestin recentyears.Sucha settingcanbe usedto modelmary
real-life situations suchasair traf®c control,satelliteclusters swarmsof robots,UAV formations,
andpotentiallysuchapplicationsasthe Internet. Comparedvith the moretraditionalapplications
of controltheory therearefundamentallynew featuresntroducedin this problem.Thetopology
of the information network can have mary effects. On one hand, it introducesinstability if

the information being fed throughthe network addson constructvely to the disturbanceat a
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node(Fax andMurray 2004);0n the other for cooperatre goals,it leadsto a betterperformance
thanif agentsdo not shareinformation.

As a result of the abore-mentionedproperties,this problem has beengarneringincreasing
attention(e.qg., see (Antsaklis and Baillieul 2004) and the referencegherein). A Nyquist-like
conditionfor stability of a formationusingthe individual plant transferfunction andthe Lapla-
cian of the graph generatedby the topology of the information ow network was obtained
in (Fax 2001, Fax and Murray 2004). Coordinationof a group of autonomousagentswhen
the graphtopology changesver time was consideredn (Jadbabaiet al. 2003) who presented
stability resultsfor the casewhenthe switchingrule satis®esertainpropertiesTheseresultswere
expandedn (RenandBeard2004).A generalframevork for decentralizedanalysisof stability
of interconnectedsystemswhere the topology can potentially be time-varying was presented
in (Guptaet al. 2003, Saberand Murray 2004).

However, mostof the work sofar hascenteredn stability analysisof the formationassuming
certaincontrol laws in place.A more generalquestionis that of synthesisof the control law
to be usedby the agentsin sucha formation, suchthat somecost function is optimized. The
de®ningfeatureof the problemis that while the costfunction involvesall the individual agents
in the formation,the pre-speci®edopology of the formationimposesconstraintson the form of
the controllaw by limiting the informationavailableto variousagentsat ary time. Thus,it is not
realisticto assumethat an agentwould know the stateof all the otheragentsin the formation
at ary given time and be ableto useit to calculatethe control input. Thesefeaturesmale the
problema decentralizeccontrol problemwith arbitrary information o w patterns,which is, in
general,much harderto solve thanthe traditional optimal control problem.

Researclin decentralizedontrolhasa long history, (Witsenhaused 968, Witsenhausei971)
shaved thatunderthe decentralizednformationconstraintsa linear controlleris not optimal in
generalandalsothatthe costfunction neednot be corvex in the controllervariables. A discrete
eguvalentof Witsenhauses'counterexamplewas given in (Papadimitriouand Tsitsiklis 1986)
whereit was also shavn that the problemof ®nding a stabilizing controller underinformation
patternconstraintas NP-complete For particularinformation structuresthe problemhasbeen

solved, e.g.,see(Fan et al. 1994). Someresearchersave also studiedthis problemunderthe



assumptionof spatial invarianceby using a multidimensionalapproach(e.g., see (Bamieh et
al. 2002, D'Andrea and Dullerud 2003.)). (Rotkowitz and Lall 2002) gave certaininvariance
conditionsunderwhich the problemretainsthe corvex character(Langbortetal. 2004)presented
suf®cient LMI conditionsthat canbe usedfor synthesizinga sub-optimaldistributed controller
A different approachfor solving the problem was inspired by the design of reduced-order
controllers,e.g.,(Levine etal. 1971).This approachwasusedto obtainnumericalalgorithmsfor
solvingthe optimallinearcontrolwith arbitrarynumberof free parameter$or thein®nite horizon
caseasin (Soderstronil978,WenkandKnapp1980).In (Guptaet al. 2004),this algorithmwas
exploredfor the caseof vehicleformationsandin particularit wasproventhatin this casejt was
alwayspossibleto choosea feasibleinitial point. A similar algorithmcanbe appliedto the ®nite
horizonproblem,asdescribedn (Andersonand Moore 1971),but the computationabif®culties
werepointedout in (Kleinmanet al. 1968). The vehicleformationproblemwasalsoconsidered
in (de Castro2003) wherethe H, synthesisproblem was posedas an optimization problem
and a sub-optimalsolution presented(Bemporadet al. 2002) consideredhe constrained.QR
problemandcameup with a numericalalgorithmfor the optimal piecavise ai®ne controller The
algorithmwas extendedto the caseof in®nite-time horizonby (Griederet al. 2003). A cornvex
approachowardssynthesizingcontrollaws for solving distributedaveragingproblemswasgiven
in (Xiao and Boyd 2004). Recedinghorizon control for the problemwas exploredin (Dunbar
andMurray 2004, Francoet al. 2004). A goodsurnwey of the attemptsto solve the related®xed
order and static output feedbackproblemscan be found in (Syrmoset al. 1997, Blondel et
al. 1995, Darbhaet al. 2004) andthe referencegherein.

As hasbeenpointedoutin mary of theabore mentionedvorks,the problemof ®ndingalinear
optimal controller that satis®essome arbitrary constraintsis very dif®cult. Even the question
of stabilizability through a structuredcontroller is NP-hard,in general(Blondel et al. 1995).
Unlessthe problemhassomespecialstructure ®nding the optimal controllerwith a prescribed
structurehasremainedan openproblem.Eventhe algorithmsfor ®nding sub-optimalcontrollers
tendto involve numericaloptimizationandhencefacecorvergenceproblemsunlessthe problem
satis®essomeconditions(Rotkowitz and Lall 2002).In this paper we setup the LQR problem

for the control of a network of autonomousagentswith a given information o w topology



Evenif the dynamicsof the agentsare not coupledandthe only coupling presentis dueto the
costfunction, the optimal control law, in generalrequiresevery agentto useknowledge about
every otheragent.We imposethe constraintof a linear control law that satis®esa pre-speci®ed
topology in that any agentusesonly the information abouta pre-speci®edset of agentswith
which it cancommunicateWe solwve for the optimal control law for a ®nite time horizonunder
theseconstraints We seethat calculationof the optimal control is computationallyexpensve
and provide a sub-optimalsolutioninsteadwhich is computationallymore tractable.The chief
contritution of this paperare thesealgorithms.Since both the algorithmswe presentinvolve
only solving linear equations,they do not suffer from corvergenceproblemsencounteredn
mary existing approacheshat utilize, e.g.,gradientdescentalgorithms.

The outline of the paperis as follows. We addressa few mathematicapreliminariesin the
next section.Then we set up and solve the constrainedcontroller synthesisproblem. We see
that calculatingthe optimal solutionis computationallyintensve and henceproposea simpler
sub-optimalsolution. Thenwe presentexamplesto illustratethe conceptsaandthe algorithm.We
seenumericallythatthe lossin performanceby choosingthe sub-optimalalgorithmis not huge.

We endwith conclusionsand presentsomeavenuesfor further work.

2. MATHEMATICAL PRELIMINARIES AND NOTATIONS

By a network of interconnectedlynamicagentsywe meana systemof agentsvhosedynamics
arenot coupledbut in which every agentcanusethe informationfrom a prescribedsetof other
agents(called its out-neighbors)for calculatingits control input. The ow of information is
thus describedby identifying the set of out-neighbordor eachagentandis referredto asthe
information o w topology Considera network of n agents.Togetherwith the information o w
topology the network can be representedby a graphin which the agentsare verticesand the
allowed communicationlinks are edges.We refer to the agentsvariously as vertices,nodesor
vehiclesandthe network asa graphor a formation.

Considera graphwith n nodes,the vertex setV(G) = fv;gL, andthe edgesetE(G). The

adjacencymatrix (see,e.g., (Biggs 1974)for more details)denotedby A is a squarematrix of



sizen n, de®nedasfollows o]
2 1 ViV E(G)
Aij = S
- 0 otherwise.
If we denotethe out-deggree of nodev; by O;, thenthe degree matrix denotedby D is de®ned

to be a squarematrix of sizen n, suchthat
8

o 20, i=j
i =
->0 otherwise.

We de®nethe Laplacianof a graphby the following equation

We denotethe expectationof a randomvariable X by E[X]. The covariancematrix of a
randomvariableX with zeromeanis de®nedby E [X X9, whereX is the transposef matrix
X . The covariancematrix is always a positive semi-de®nitematrix.

The trace of a squarematrix X, denotedby tracei ), is de®nedas the sum of its diagonal
elementslt is known thatthe traceis alsothe sumof the eigervaluesof X . The traceoperator
satis®eghe following propertiesassumexX , Y andZ to be compatiblematrices;v is a column
vector).

1) trac€X + Y) = tracgX) + trac€Y):

2) trac€XYZ) = tracZXY):

3) E[vWvV] = E[trac Ww9:

In the last equationif W is a constantmatrix, the right hand side can be further rewritten as
trac W E [v9).

We denotethe transposef a matrix X by X % For two matricesA andB, we write A > B if

A B is apositve de®nitematrix. For amatrixm n matrix X = [x; ], the operationveqX)



resultsin amn 1 columnvectorwith elements

2 3
X11

X21

Vedx ) = Xm1

an

The operationA B denotesthe Kronecler product (also called the direct product) between
two matricesA and B (see(Lancasterl969) for details). It can be shavn that for suitably

dimensionednatricesA, X andB,
veqAX B) = (B° A)vedX): (1)

3. PROBLEM FORMULATION

Considera formationof n agents,n which the i-th agentevolves accordingto the equation
Moa = Xt ot

wherethe control law ul, is given by
i [ X ij;2 i
[ I— ) | y i
u, = Foxg + Fo ™ xi xk
all out-neighborg

Assumethat the noisew}, is zero-meanGaussiarand white. On stackingthe statex' of all the

agentswe can obtainthe systemstatevector x, whoseevolution is describedoy

Xk+1 = (l ) Xk + (l ) Uk + Wy (2)

(diagFt l) + Lgenk)xk;

Uk

where | is identity matrix of suitable dimensionsand diag(Flf Y is a block diagonal matrix

with Flfl's alongthe diagonaland zero matriceselsevhere.The vectorsuy, andwy areobtained



by stackingthe control laws and the noisesfor the individual agents,respectiely. L genk IS @
generalizatiorof the Laplacianmatrix of the graphandis formedasfollows. Createthe adjaceng

matrix A for the network. Thenreplaceeachunity elementhatis atthe (i; j )-th placeby FE 2,

Replacethe diagonalelementin thei-th row by a matrix which is the sumof the matricesFlil;l,

F2t R D RO M Restof the zero elementsare replacedby zero matrices
of appropriatedimensionsNote that the topologicalconstraintson the form of control law are
inherentin the structureof L genk.

In this paperwe will assumethat the topology of the network is known at ary time step,
althoughit may be time-varying. We ignore issuessuchas quantizationerror and messagdoss
whenagentscommunicatever the links. Note thatif all the vehiclesarenotidentical,equations
similar to (2) caneasily be obtained.The matricesl and| will be replacedby block
diagonalmatricesdiag( ') anddiag( '), but otherdetailsremainsimilar. We begin by discussing
the questionsof stabilizability and controllability of the formation undera speci®edtopology

constraint.

3-1. Stabilizability
Two questionsariseimmediately:

Is it possibleto stabilizea formationusinginformationfrom othervehicleswhenthevehicles
are individually not stable.In otherwords, if a vehicle is unstable,can the formation be
stabilizedby the exchangeof information betweendifferentagents?

Are sometopologiesinherentlyunstablan thatevenif the agentsarestable theinformation

ow will alwaysmake it impossibleto stabilizethe formation?

We notethe following resultoriginally presentedn (Guptaet al. 2004).

Proposition 1. Considera formation of interconnecteddynamicagentsas de ned in section2.

1) A formationis contmwllable if and only if ead individual agentis contmollable.

2) A formationis stabilizableif and only if ead individual agentis stabilizable

Proof: We usethe notationintroducedabore. Let the matrix bein R™ andthereben

agentsin the formation. As canbe seenfrom (2), for controllability of the formation, we want



the following matrix to have rank mn (Kwakernaakand Sivan 1972)
h i
Mi= | (R T I T (D B (R a Hym™qa )
Using the standardoropertyof Kronecler product

(a b(c d)y=ac bd,

we canrewrite M, as

h [
My= | “ ) o 2 ™
This matrix hasrank mn if andonly if the following matrix hasrank m
h [
M2 — 2 mn 1 .

Since 2 R™, the equvalentconditionis that the matrix

h i
M3: 2 m 1 '

be rank m. But M3 being rank m is simply the condition for the individual agent being
controllable . Thustheformationis controllableif andonly if eachindividual agentis controllable.
This provesthe ®rst part. The secondpart alsofollows from the above proof. The subspacenot
spannedy the columnsof M is stableif andonly if the subspaceaot spannedy the columns
of M3 is stable. O

3-2. Designingthe Contmol Law

From (2), it can be seenthat the problemof designinga control law underthe topological

constraintss equivalentto solving the control designproblemfor the system

Xk+1 = (l ) Xk + (| ) Uk + Wk (3)

Ue = FXy;



with the additionalconstraintthat F, shouldhave thoseelementsas0 which correspondo zero
entriesin the Lyen Of the interconnectiortopology formed as above. F can then readily be
castin the form diagF,'*) + L genx andthe matricesF,* andF,'  obtained It is fairly obvious
that constrainingthe control F, to have someelementszero forcesus to consideronly those
matricesthat live in a particular sub-spaceof the vector spaceof all matriceswith the same
dimensionsas Fx. We now de®nethe costfunction we are aiming to minimize and solve the
problemof ®nding the optimal control law.

4. THE OPTIMAL CONSTRAINED CONTROL LAW

DenoteA = | andB = | andrewrite (3) as
Xker = AXg+ Bug + wy (4)
U = FiXg;

wheretheinitial conditionxg is randomandis Gaussiarwith zero-mearandcovarianceR,. The
noisewy is alsorandomwhite zero-mearGGaussiarwith covarianceR,,. In the above equations,

Xk 2 R" is the stateof the systemandu, 2 R™ is the control input. We wish to minimize the

costfunction " #
X

Jr=E fx0Qx + WRUg + E X9, PS, X141 ; 5)
k=0

whereQ andR arepositive de®nite.This is the classicalLQR designproblem.We can®nd the
optimal control law throughsolving the discrete-timeRiccati recursion.Supposeve nov wish

to additionally constrainthe control law to lie within a spacespannedy the basisvectorsf |,

Fv = Jk I (6)

where L's are scalarsthat minimizesthe costfunction (5).

Remarks:

1) It is fairly obvious that the optimal constrainedcontrol law would not, in general,be the

projection of the optimal control law on to the sub-spacewve are interestedin. This is

9



reminiscentof the fact that the optimal causalestimatefor a randomvariableis not the
sameasthe projectionof the generaloptimal estimateon to the causalsub-spacd€Kailath
et al. 2000).

2) Requiringapriori that the controller be linear might be a non-trvial assumptionBut this

allows us to derive algorithmsfor solving the problemandleadsto sharperesults.

4-1. Preliminary Result

In this subsectiowe prove anintermediateesultthatwe will uselater. Firstnotethefollowing

fact.

Lemma 2. SupposéN is positivesemi-de niteand P (K ) denoteany matrix-valuedfunctionof
the matrix argumentK . If P(K) > P(Ky), thentrace(P(K )W) trace(P(Ko)W).

Proof: SinceP(K) > P(Ky), we have P(K) P(Kg) > 0. Also W is positve semi-
de®nite, thus Wz is de®ned.Hencewe note that trace Wz (P(K) P (Kq)) W2 0 or
thattrace((P(K) P(Kg)) W) 0. But thismeangrace(P(K)W) trace(P(Ko)W), which
provesthe assertion. O

Using this lemmawe can prove the following.

Proposition 3. Considerthe costfunction

29 30 2 33
K.Yy X; KiYr X3
KoY, X KoY, X

C: E 2 2. 2 WE 2 2. 2 ;
KnYn Xn KnYn Xn

whee K's are arbitrary matriceswhile Y;'s and X;'s are vectos of suitabledimensionssuc

that the costfunction C is well-de ned. Supposdghat W can be written in the form

2 3
W = Wz;l L WZ;n- '
Wn,l Wn’2 . . . Wn;n

10



wheee the blocks W;;; are of appropriate sizesso that the productX 3W;; X; is well de ned and
that W is symmetricand positivede nite. Thenthe optimal K;'s minimizingthe cost function
are givenby the solutionto the coupledmatrix equations
n #
1 X X 1 :
Kj =W, Wj;iRXin Wj;iKiRyiyj RYj ; 8] =12 ,n,
[ i6]

whee Ryiyj =E Y,YJO and inyj = E XinO.
Proof: For eachj, we canwrite the termsdependingon K; as
Cj = trace KjRYJ.KJ-O\Nj;j Kj OKJ-O ;

where " #
X X

= RYj XiWi;i RYj Yi K i(\Ni;j
i i6]

ThusK; needsto be chosenso asto minimize C;. The minimizationis of the form
min trace(X AX B+ XC+CX9;

whereB is invertible and positve de®nite. This can be rewritten as

n;(intrace(XAXOB + XC+ C%9 min trace XAX®B +XCB B+ CX%BB !

rr)1<intrace XAX®B + XCB B+B 'CX®B

rr;(intrace XAX%+ XCB '+B Ic%°B

Now we uselemmaz2. Thusour problemreduceso that of determiningX suchthat X AX °+

XCB '+ B C%Yis minimized.We completethe squarego write
XAX%+ XCB '+B 1cX°= X+B ICA* A X+B cA!® B ICA IC

Thusthe minimizing X = B 'C% . Applying this to our original problemof determining

11



Kj, we seethat " #
1 X X 1
|<j = VV“j VV“HQXiW VVﬁﬂ<iFaypﬁ FQ“ .
[ i6]
This completeshe proof. O
Note that for calculationof the K;'s, we can usethe identity (1). Thus we obtain for each

K;, the equation
1)( X 1 0 1
\ﬂEC(P(j) = vecC \Aﬁ;j \Aﬁ;iFexin FQYinFQYj \AGTj \Aﬁﬂ \NEC(P(i) .
[ i6]

obtainthe valuesof veqK;) andfrom themthe matricesK; caneasily be determined.

4-2. The Optimal Control Law

From (5) we seethat the costfunction to be minimizedis

X X #
— 0 0 0
Jr=E uRuy + X QXk + E X744 Pfi X141
k=0 k=0
Using the equation
K1 K1
Xk = /\kXO + /\JBle 1§t /\JVVk 1

j=0 j=0

andthe fact that the noisewy is white and zero-mearallows us to rewrite the costfunctionin

the form

JJ=E[F + G + G°+ H: (7)

In the above equation h i
0

= QW owd W

is the vector of all the randomvariablesinvolved. Similarly,

h o
= W

12



is the control vectorthatis the optimizationvariable,andthe matricesF, G andH arefunctions

of A, B, R, Q andPy,, . The additionalconstrainton is thatit hasto be of the form

2 3 2 3
Uo FoXo
g U 7 Fix1
ur FT X1

wherethe matricesF; have somepre-speci®eclementszero.In particular if we write

2 3
F|2X|
FiXi =

FnXi

where Fij is the control law appliedby thej -th agentat time stepi, thenthoseelementsof Fij
are zerothat correspondo the elementsn the statevectorx; thatthe j -th agentdoesnot have

accesdo. We can pull the constraintanto the statevectorandwrite
Fij Xi =K .J y{ ;

whereK ! is now a matrix free of any constraintson its elementswvhile the vectory! is a stacled

vector of the statesof the agentsthat the j -th agenthasaccesdo. This allows us to write

13



Thus canbe written as 2 3

2
FoXo

Kivi
—ptoe 7 (8)

FTXT

ThenT matricesK ,‘ arearbitraryandarethe optimizationvariables Now from (7), we seethat

the costfunction can be written as

Jq E[TF + © + G+ H]
h

0

E +H'G® H +H! +E °GH 'G%+F

The choiceof only affectsthe ®rst term. Thusthe optimizationproblemis

h [
mnE +H 'G° °H  +H G ;
where is of theform (8). But this optimizationproblemis exactly in the form of Proposition3.
Thuswe canoptimizethe valueof the costfunction. This solvesthe optimal controllaw problem.

Remarks:

1) Thesolutioninvolvesthe calculationof secondrderstatistictermswhich canbe calculated
off-line sincethe topology of the network is assumedo be known.

2) The procedureholds even for the casewhenthe topologyis time-varying, aslong asall
the agentsknow the topology

3) However note that we needto solve a total of nT coupledmatrix equations.This is a

14



formidable computationalburden. In the next subsectionwe presenta methodthat is

computationallymore tractableat the expenseof being sub-optimal.

4-3. A Sub-optimalContmol Law Algorithm

Onceagnin we note from (5) that the T-horizon costfunction to be minimizedis

n XT XT #
Jr=E UPRU +  XxPQxk + E X%, P, X141
k=0 k=0
We needto chooseug, Uy, , Ur thatminimize J;. Following (Hassibiet al. 1999),we gather

termsthat dependon the choiceof ux andxx andwrite themas

T = E EugRUT + X%QXZT] + E33X$+1 Py X141

h [
u
= E4 W x¢ 4 T S5+E wiPfuw
XT

Sr+ Or

where
2 3

_ 4 R+B®P{,B BPFLA ¢
A%P¢, B Q+APL, A
2 2 33
h | ur
X7

Opc .

In the abore equationwe have usedthe systemdynamicsgivenin (4) andthe factthatthe plant
noiseis zeromean.Thuswe canwrite
X1 X1 #
Jr=E UlRU+  XpQxx + St + Or: (9)
k=0 k=0

We aim to chooseut to minimize Jt. From (9), it is clearthat the only term wherethe choice

of ur canmake a differenceis Sy. On completingsquaresSy canbe written as

Sr=E (ur ur)’R&r(ur ur) + E[XIPExy]

15



where

C

eT R+ BOI:)'I(':+1 B

Pf = Q+APf, A AP, B R+BP{,;B 'BP,A

andur is the standardoptimal LQ control given by
ur= RS 'BPE, Ay

If the controllerhadaccesdo the entire state,it could simply usethe standardoptimal control
ur. However, that is not possiblenow. Instead,the controller needsto calculateur usingthe
information o w that satis®eghe topologicalconstraintsandchooseit to minimize S;. In other
words,we needto ®nd ur = Fyx7 thatminimizes 1 whereFt hascertainelementszero.The

control problemthusreduceso an optimal estimationproblem.Onceagain, we note that

2 3
u

uf

ur = . L
Uy

where each u} is the control law the i-th agentappliesand it is a linear function of the

measurementthe i-th agenthasaccesdo. Thuswe canwrite
ur = Fixr;

where F} hasthoseelements0 that correspondo the elementsin the statevector x+ that the

i-th agentdoesnot have accesgo. Pulling the constraintanto the statevector we canwrite
ur = Kryr;

whereK ! doesnot have ary constraintwhile the vectory’ is a stacled vector of the statesof

the agentsthat the i-th agenthasaccesgo. Thusthe problemof choosingthe control law u+

16



reducegto the problemof choosingK }'s so asto minimize the criterion

29 30 2 33
Kiyr up Kiyr ur
KZ 2 uZ K2 2 u2
E TyT. T R‘;;T YT T
Kiyr up Kiyr u?

This is exactly the optimization problem discussedn Proposition3. Thus the matricesK &
can be easily obtained.Note that this involves solving only n coupledmatrix equationsandis
hencemuch less computationallyexpensve thanthe optimal control law calculationdiscussed
in section4-2.

Denotethe estimationerror incurreddue to the minimizing choiceof ur by 1. We have
Sr= 1+ E[XIP&xr]:

We canthuswrite the costfunction as
X1 X1 #
E ulRuy + XPQxx + Sy + Of
., k=0 k=0
X1 X1 #
E ulRuy + XPQxk + 71+ E[XIPfxc]+ Or
k=0 k=0
Jr 1+ 1+ O

Jr

Thus we now needto choosecontrol inputs for time stepsO to T 1 to minimize J1. By
scanningthe termson the right handside of the equationwe seethat Ot is independenof the
choiceof controllaws fromtime Oto T 1. However, unlike the standardcaseof control with
imperfectobsenations(Hassibiet al. 1999),we notethat apartfrom J; , the estimationerror

1 Is alsoa function of the statext andhenceof the (unknavn) controllaw ur ;. Moreover it
is a non-linearfunction of ut 1. Thusthe controlut ;1 shouldbe chosento minimize the cost
Jr 1+ 1. Thus,the separatiorprinciple doesnot hold in general.This is relatedto the fact
thattheinformationpatternis not classical(see,e.g.,(Witsenhaused971))becausehe previous
control law is not known fully to all the agents.We get acrossthis problemby neglecting the

estimationcost 1 and optimizing only J; ;. For this purposewe note that our aggumentso

17



far wasindependenof time index T. Thuswe canrecursvely apply the algumentfor time steps
T 1, T 2andsoon.

Remarks:

1) We have enforceda separatiorprinciple arti®cially that saysthat the controller synthesis
problemcanbe separatednto an estimationproblemandthe usualLQR control problem.
At every time step, every controller tries to estimatethe optimal control law from the
informationit hasaccesdo (in the senseof Proposition3) and usesthis estimatein the
optimal LQR control law.

2) This methodis in generalsub-optimalsince the separationprinciple doesnot hold in
reality. However sincethis methodreplacessolutionof nT coupledmatrix equationsby
solving n coupledmatrix equationsT times, this methodsaves a lot on computational
cost.

3) If needed,better performancecan be achieved by including the estimationcost + in
calculationof ut ;. It can be proved that this inclusion resultsin a corvex problem
that can be solved ef®ciently. However this methodwould still not be optimal since for
calculationof ut ,, we needto considerJt ,, 1 ; andthecostincurredin imperfectly
minimizing 1. Thusthe problemstartsinvolving more and moretermsto optimize over.
The extent of sub-optimalitycanbe reducedby including moretermsin the optimization.

4) Intuitively, theapproximatiorcanbethoughtof asfollows. At ary time, the optimalcontrol
input of anagentwill dependon the controlinputsof all otheragentsat the previoustime
step.However the agentis not allowed to obsene these.We get aroundthis problemby
ignoring the direct dependencef the optimal control input on theseterms. Instead,we
usethe factthatthesetermswill soonshowv up in the valuesof the statesof the neighbors
of the agent,which are being obsened. Thus thesetermswill eventually be usedin the
calculationof control inputs.

5) For the fully connectedopology the sub-optimalalgorithmyields the sameresultasthe
optimal algorithm sincethereis no estimationcost t. In otherwords, sincethe control
inputs of all the agentscan be calculatedwheneer needed thereis no approximation

involved in ignoring their effect on eachagents control input.
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5. EXAMPLES

We now considertwo examplesto illustrate the issuesinvolved.
Examplel: Considera network of four agents,eachwith single integrator dynamics.This

caseis of interestsince single integrator dynamicscan be usedto solve consensugproblems.

Let the agentsbe designatedasv;, i = 1;2; 3;4. The agentv; hasdynamics
Xipp = X, 020l + wi
u, = F"x + FI2(x X):

all out-neighborg

We denotex, to be the stateof the whole system where
Xi = 1.42.3.,4 0,
k — Xk’ Xk’ Xk’ Xk .

Similarly denoteuy to bethe control vectorobtainedby stackingall the ul's. Thenthe evolution

of the systemis describedas

Xke1 = Xk 0:2u + wy

Uy Fixe + F2Xy;

where F! is a diagonal matrix with F11;F21: F31: F4l asthe diagonal elements;and the

(i;j) th elementof the matrix F 2 is given by

8
% Fii:2 i 6 ) andj is an out-neighborof i

[F2y = 0
2 p
. J F

I 6 ] andj is not an out-neighborof i

2 =i

The initial conditionis randomwith zero meanand covarianceasidentity matrix. Similarly the
noiseis white Gaussianwith zero meanand covarianceas identity matrix. The cost function
speci®edis
XT
J= E [x0Qx + ulRu]:
k=0
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We presentresultsfor T = 30. We take the weighting matricesarbitrarily to be asfollows:

2 3
1:6158 1:6884 1:2138 0:563

1:6884 2:798 1:2843 1:2528
1:2138 1:2843 0:9645 0:5147

0:563 1:2528 0:5147 0:7501

2 3
1000

0100
0010
0001

O
I

First we note that if all the agentsare communicatingwith one anothey the sub-optimaland
optimal algorithmgive the samecostandthe controllaw matrix. We alsoconsidera constrained
topology wherewe allow limited communicationto happen.The topology is as follows. The
vehiclev; cantalk to v,, the vehiclev, to v; andvs, the vehiclev; to v, andv, andv, cantalk
to vs. In this case,the evolution of the costis shavn in ®gure 1. We can seethat the loss in
performancdrom the sub-optimalalgorithmis not huge.The sarzingsin computationatime are
considerablehowever. Note that at the intermediatetime values,the sub-optimalalgorithmis
performingbetterthan the optimal algorithm. However, this can be easily explainedby noting
that the optimal algorithmis optimal for a time horizon of 30 stepsandthereis no guarantee
thatit is the optimal algorithmfor a smallertime windowv aswell.

In ®gure 2 we shaw the steadystatecostfor the ring topologyfor a time horizonof 100time
stepsfor the ring topology as we introducedelay into the system.The ring topology involves
all communicationlinks beingpresentexceptthe v,v, andv,v; links. We assumehat the state
information is passedwith somedelay as a multiple of samplingtime of the systembut the
agentscalculatethe control law assuminghereis no delay It canbe seenthat the costslowly
increasesandthe systemis reasonablyobustto delayuncertainty It becomesunstableonly for
a delayequalto or greaterthan5 time steps.

Example2: In this example we use the dynamicsof eachagentas the dynamicsof the

CaltechMulti Vehicle WirelessTestbedvehicles,asdescribedn (Cremearet al. 2002, Waydo
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Comparison for performances of optimal and sub-optimal algorithms
26 T T T T T

OoOOOOOOOOOOOO

241

18

cost

16

14

—— optimal algorithm
O sub-optimal algorithm

101

0 5 10 15 20 25 30

time

Fig. 1. Thelossin performancedueto the sub-optimalalgorithmis not huge.Costconsidereds E [x2Qxx + ulRug].

900

cost

delay

Fig. 2. The sub-optimalalgorithmis robustto delays.Costconsidereds E [x?Qxx + u®Rug].
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et al. 2004). The non-lineardynamicsare given by

mx = x + (F_ + Fr) cos()

y+ (FL + Fr)sin()

my

J* = —+ (Fr  FuU)r¢:

F. andFg aretheinputs,m = 0:74%g is the massof vehicle,J = 0:003kg m? is the moment
of inertia, = 0:15 kg-s is the linear frictional coef®cient, = 0:005%gnt=s is the rotational
friction coef®cientandr; = 0:089m is the distancefrom the centerof massof the vehicle to
the axis of the fan. On linearizing the dynamicsaboutthe straightline y = x at a velocity of

1ms ! alongthe x andy axes,we obtainthe equations

X = AX +BU
U = FX;
where h i
X= xy xy -

2 3
00 0 1 0 O
00 0 O 1 O

A_800 0 00 1
- (From 4 Fnom y gjp( nom
0 0 (ETRE — 0 0
(F nom + F nom ) COS( nom )
0 0 GTrF™ 0 - 0
00 0 0 0 +
2 3
0 0
0 0
0 0
B =
cos( nom ) cos( "om )
m m
sin( nom ) sin( nom )
m m
r'e r'e
I I
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nom —

7] Flrom = FRoM = p—z:

We discretizethe above equationswith a stepsize h = 0:2. We consider8 vehiclesstarting
from an octagonalformation and considerthe topologiespossibleas the communicatiorradius
of eachvehicle is increasedlt is apparentthat by symmetrythere are 5 distinct topologies
possible,with eachvehicle talking to 0, 2, 4, 6 and 7 other vehiclesrespectrely. The initial

covariancematrix Ry is the identity matrix. The cost function matrix R is also identity while

the matrix Q is randomlygeneratedT he costfunction horizonis T = 100time steps.A typical

curve for the varying of the costsprovided by the sub-optimalalgorithm asthe communication

radiusis increaseds given in ®gure 3. Following generalconclusionscan be dravn for the

11000

10000

9000

8000

cost

7000

6000

5000

4000 I I I I I I
0

number of neighbors being talked to

Fig. 3. As the communicatiorradiusis increasedthe costgoesdown. Costconsidereds E [x?Qxx + up Ruk].

examplefrom the plot.

1) As more and more communications allowed, the costgoesdown.

2) The mamginal utility of eachcommunicationlink decreasess more and more links are
added.
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Thedifferencein the performancéetweenthe sub-optimalandthe optimal algorithmsincreased
as the communicationtopology becamemore and more sparse.Figure 4 shavs anotherplot
comparingthe comparisorof optimal and sub-optimalalgorithmsfor a differentvalue of the Q

matrix. It canbe seenthatevenfor the decentralizedase the erroris of the orderof only 30%.

9500

T T
—x— Optimal control law
O Sub optimal control law
9000 - o

8500 |- ml

8000 |- ml

7500 - : ml

7000 > : 4

Cost

6500 - N ml

6000 - N B .

5500 - N ml

5000 - ~e .

4500 I I I I I TR =
0

Number of neighbors being talked to

Fig. 4. As the communicationradiusis increased/Joss in performancedue to the sub-optimalalgorithm decreasesCost
considereds E [x)Qxx + udRu].

6. CONCLUSIONS AND FUTURE WORK

In this paper motivated by synthesisof optimal control laws for interconnectedetwork of
agentsye consideredhe problemof synthesiof aLQR optimalcontrollaw whichis constrained
to lie in a particularvector space.We sav that the problemwas hardto solve in general.We
presentech computationallyexpensve methodfor the optimal ®nite time horizon control and
a computationallyeasiermethodto generatea sub-optimalcontrol law. We presentedxamples
which illustratedthat the lossin performancedueto the sub-optimalalgorithmis not hugeand
that communicationin generalhelpsto bring down the cost. The methodsinvolve the solution

of linear equationsand are thus free from corvergenceproblems.
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Althoughthis work is a signi®cantadwancein the ®eld in mary respectsmorework is needed
to fully understandand solve the problemof optimal control of a network of dynamicagents.
The optimal control law we have presentedsenes as a good benchmarkio evaluateary other
control stratgy; however, it is computationallyvery expensve and good approximationsthat
are more tractablewill be usefulin mary situations.We have presentedne such sub-optimal
algorithm.From numericalexamplesit seemghatthelossin performancas not huge.However,
we have not beenable to obtain an analytic expressionof the lossin performanceor a bound
on it. As discussedn the papey for a fully connectedopology thereis no lossof performance.
Moreover plots like Figure 4 suggesthat as the topology becomesmore and more sparsethe
loss in performanceincreasesWork characterizingthe performanceof the various synthesis
algorithmsas a function of topology s alsolikely to aid us in designingtopologiesthat yield
better performanceln general,the optimal costis achiered by the fully centralizedtopology
We might, however, be interestedin putting additional constraintson the topology e.g., the
total numberof links might be limited to prevent congestionn the sharedchannelor network.
Thusa morerelevant questionis to obtaina topologyfor which thereexists a control law such
that the costachieved is at most a prescribedconstant times the cost achieved by the fully
centralizedtopology An analyticmethodfor obtaininga relationbetweentopology andoptimal
costis needed.Finally work characterizingthe effect of topology on the cost will also help
in understandinghe robustnessof the algorithmsto knowledge of the topology Currently we
assumehateitherthe controllaw is calculatedff-line by a centralprocessqror eachnodeknows
thetopologyandcalculateghe controllaw for the entiresystemandextractsits own control law
from it. To make this implementationmore scalable,t will be usefulto understandhe effects
of topology changedar from the individual agent,or equvalently, to imperfectknowledge of
the topology far away.

Therearemoreareaghatthis work canbe extendedto modelmorereal-life situations.Oneis
to remove the assumptiorof perfectcommunicatiorwhenalink exists. Althoughour algorithms
representan improvementover mary methodsexisting in the literature since they can handle
a time-varying topology we still assumethat the topology is known at every time step. This

would be the caseif the changeis deterministic.Usualcommunicatiormodelsare stochastidan
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nature,e.g.,the loss of a link canbe modeledas a randomprocess Extendingour algorithms
to suchstochastianodels(e.g.,basedon the work (Nilsson1998))is animportantdirectionwe

are currently pursuing.
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Figure Captions

Fig 1. Thelossin performancelueto the sub-optimaklgorithmis not huge.Costconsidered
is E [X0Oxk + UZRuy].

Fig 2. The sub-optimaklgorithmis robustto delays.Costconsidereds E [x2Qxy + URuU].
Fig 3. As the communicatiorradiusis increasedthe costgoesdown. Costconsidereds
E [x0Qxk + ulRu].

Fig 4. As thecommunicatiorradiusis increasedlossin performancealueto the sub-optimal

algorithmdecreasesCost considereds E [x?Qxk + U?Ru].
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