
1

A Sub-optimalAlgorithm to SynthesizeControl

Laws for a Network of DynamicAgents

V. Gupta,B. HassibiandR. M. Murray

Division of EngineeringandApplied Science

California Instituteof Technology

f vijay@cds.,hassibi@,murray@gcaltech.edu

Abstract

We studythesynthesisproblemof anLQR controllerwhenthematrix describingthecontrol law is

constrainedto lie in a particularvectorspace.Our motivation is theuseof suchcontrol laws to stabilize

networks of autonomousagentsin a decentralizedfashion,with the information�o w beingdictatedby

the constraintsof a pre-speci�edtopology. In this paper, we considerthe �nite-horizon versionof the

problemandprovide both a computationallyintensive optimal solutionanda sub-optimalsolutionthat

is computationallymore tractable.Thenwe apply the techniqueto the decentralizedvehicle formation

control problem.It is numerically illustratedthat while the loss in performancedue to the useof the

sub-optimalsolution is not huge,the topologycanhave a large effect on performance.

1. INTRODUCTION AND MOTIVATION

Control of dynamicagentscoupledto eachother throughan information �o w network has

emergedasa topic of major interestin recentyears.Sucha settingcanbe usedto modelmany

real-lifesituations,suchasair traf®c control,satelliteclusters,swarmsof robots,UAV formations,

andpotentiallysuchapplicationsastheInternet.Comparedwith themoretraditionalapplications

of control theory, therearefundamentallynew featuresintroducedin this problem.Thetopology

of the information network can have many effects. On one hand, it introducesinstability if

the information being fed through the network addson constructively to the disturbanceat a
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node(Fax andMurray 2004);on theother, for cooperative goals,it leadsto a betterperformance

than if agentsdo not shareinformation.

As a result of the above-mentionedproperties,this problem has beengarneringincreasing

attention(e.g., see(Antsaklis and Baillieul 2004) and the referencestherein).A Nyquist-like

conditionfor stability of a formationusingthe individual plant transferfunction andthe Lapla-

cian of the graph generatedby the topology of the information �o w network was obtained

in (Fax 2001, Fax and Murray 2004). Coordinationof a group of autonomousagentswhen

the graphtopologychangesover time wasconsideredin (Jadbabaieet al. 2003)who presented

stability resultsfor thecasewhentheswitchingrulesatis®escertainproperties.Theseresultswere

expandedin (RenandBeard2004).A generalframework for decentralizedanalysisof stability

of interconnectedsystemswhere the topology can potentially be time-varying was presented

in (Guptaet al. 2003,SaberandMurray 2004).

However, mostof thework so far hascenteredon stability analysisof the formationassuming

certaincontrol laws in place.A more generalquestionis that of synthesisof the control law

to be usedby the agentsin sucha formation, suchthat somecost function is optimized.The

de®ningfeatureof the problemis that while the cost function involvesall the individual agents

in the formation,the pre-speci®edtopologyof the formationimposesconstraintson the form of

thecontrol law by limiting the informationavailableto variousagentsat any time. Thus,it is not

realistic to assumethat an agentwould know the stateof all the other agentsin the formation

at any given time and be able to useit to calculatethe control input. Thesefeaturesmake the

problema decentralizedcontrol problemwith arbitrary information �o w patterns,which is, in

general,muchharderto solve than the traditionaloptimal control problem.

Researchin decentralizedcontrolhasa long history. (Witsenhausen1968,Witsenhausen1971)

showed that underthe decentralizedinformationconstraints,a linear controlleris not optimal in

generalandalsothat the costfunctionneednot be convex in the controllervariables.A discrete

equivalentof Witsenhausen's counter-examplewasgiven in (PapadimitriouandTsitsiklis 1986)

whereit was also shown that the problemof ®nding a stabilizing controller underinformation

patternconstraintsis NP-complete.For particularinformationstructures,the problemhasbeen

solved, e.g., see(Fan et al. 1994).Someresearchershave also studiedthis problemunderthe
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assumptionof spatial invarianceby using a multidimensionalapproach(e.g., see(Bamieh et

al. 2002, D'Andrea and Dullerud 2003.)). (Rotkowitz and Lall 2002) gave certain invariance

conditionsunderwhich theproblemretainstheconvex character. (Langbortetal. 2004)presented

suf®cient LMI conditionsthat canbe usedfor synthesizinga sub-optimaldistributedcontroller.

A different approachfor solving the problem was inspired by the design of reduced-order

controllers,e.g.,(Levine et al. 1971).This approachwasusedto obtainnumericalalgorithmsfor

solvingtheoptimallinearcontrolwith arbitrarynumberof freeparametersfor thein®nite horizon

caseasin (Soderstrom1978,WenkandKnapp1980).In (Guptaet al. 2004),this algorithmwas

exploredfor thecaseof vehicleformationsandin particularit wasproventhat in this case,it was

alwayspossibleto choosea feasibleinitial point. A similar algorithmcanbeappliedto the®nite

horizonproblem,asdescribedin (AndersonandMoore1971),but thecomputationaldif®culties

werepointedout in (Kleinmanet al. 1968).The vehicleformationproblemwasalsoconsidered

in (de Castro2003) where the H2 synthesisproblem was posedas an optimization problem

and a sub-optimalsolution presented.(Bemporadet al. 2002) consideredthe constrainedLQR

problemandcameup with a numericalalgorithmfor theoptimalpiecewiseaf®necontroller. The

algorithmwasextendedto the caseof in®nite-time horizonby (Griederet al. 2003).A convex

approachtowardssynthesizingcontrol laws for solvingdistributedaveragingproblemswasgiven

in (Xiao and Boyd 2004).Recedinghorizon control for the problemwas explored in (Dunbar

andMurray 2004,Francoet al. 2004).A goodsurvey of the attemptsto solve the related®xed

order and static output feedbackproblemscan be found in (Syrmoset al. 1997, Blondel et

al. 1995,Darbhaet al. 2004)and the referencestherein.

As hasbeenpointedout in many of theabove mentionedworks,theproblemof ®ndinga linear

optimal controller that satis®essomearbitrary constraintsis very dif®cult. Even the question

of stabilizability through a structuredcontroller is NP-hard,in general(Blondel et al. 1995).

Unlessthe problemhassomespecialstructure,®nding the optimal controllerwith a prescribed

structurehasremainedanopenproblem.Even thealgorithmsfor ®nding sub-optimalcontrollers

tendto involve numericaloptimizationandhencefaceconvergenceproblemsunlesstheproblem

satis®essomeconditions(Rotkowitz andLall 2002).In this paper, we setup the LQR problem

for the control of a network of autonomousagentswith a given information �o w topology.
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Even if the dynamicsof the agentsarenot coupledandthe only couplingpresentis dueto the

cost function, the optimal control law, in general,requiresevery agentto useknowledgeabout

every otheragent.We imposethe constraintof a linear control law that satis®esa pre-speci®ed

topology in that any agentusesonly the information abouta pre-speci®edset of agentswith

which it cancommunicate.We solve for the optimal control law for a ®nite time horizonunder

theseconstraints.We seethat calculationof the optimal control is computationallyexpensive

and provide a sub-optimalsolution insteadwhich is computationallymore tractable.The chief

contribution of this paperare thesealgorithms.Since both the algorithmswe presentinvolve

only solving linear equations,they do not suffer from convergenceproblemsencounteredin

many existing approachesthat utilize, e.g.,gradientdescentalgorithms.

The outline of the paperis as follows. We addressa few mathematicalpreliminariesin the

next section.Then we set up and solve the constrainedcontroller synthesisproblem.We see

that calculatingthe optimal solution is computationallyintensive and henceproposea simpler

sub-optimalsolution.Thenwe presentexamplesto illustratetheconceptsandthealgorithm.We

seenumericallythat the lossin performanceby choosingthe sub-optimalalgorithmis not huge.

We endwith conclusionsandpresentsomeavenuesfor further work.

2. MATHEMATICAL PRELIMINARIES AND NOTATIONS

By a network of interconnecteddynamicagents,we meana systemof agentswhosedynamics

arenot coupledbut in which every agentcanusethe informationfrom a prescribedsetof other

agents(called its out-neighbors)for calculating its control input. The �o w of information is

thus describedby identifying the set of out-neighborsfor eachagentand is referredto as the

information�o w topology. Considera network of n agents.Togetherwith the information�o w

topology, the network can be representedby a graphin which the agentsare verticesand the

allowed communicationlinks are edges.We refer to the agentsvariously as vertices,nodesor

vehiclesand the network asa graphor a formation.

Considera graphwith n nodes,the vertex set V(G) = f vi gn
i=1 and the edgeset E(G). The

adjacencymatrix (see,e.g., (Biggs 1974) for moredetails)denotedby A is a squarematrix of
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sizen � n, de®nedas follows

A ij =

8
><

>:

1 vi vj � E(G)

0 otherwise.

If we denotethe out-degreeof nodevi by Oi , then the degreematrix denotedby D is de®ned

to be a squarematrix of sizen � n, suchthat

D ij =

8
><

>:

Oi i = j

0 otherwise.

We de®nethe Laplacianof a graphby the following equation

L = D � A:

We denotethe expectationof a randomvariable X by E[X ]. The covariancematrix of a

randomvariableX with zeromeanis de®nedby E [X X0], whereX 0 is the transposeof matrix

X . The covariancematrix is alwaysa positive semi-de®nitematrix.

The traceof a squarematrix X , denotedby trace(X ), is de®nedas the sum of its diagonal

elements.It is known that the traceis alsothe sumof the eigenvaluesof X . The traceoperator

satis®esthe following properties(assumeX , Y andZ to be compatiblematrices;v is a column

vector).

1) trace(X + Y) = trace(X ) + trace(Y):

2) trace(X YZ) = trace(ZX Y):

3) E[v0Wv] = E[trace(Wvv0)]:

In the last equationif W is a constantmatrix, the right handside can be further rewritten as

trace(WE[vv0]).

We denotethe transposeof a matrix X by X 0. For two matricesA andB, we write A > B if

A � B is a positive de®nitematrix. For a matrix m � n matrix X = [xij ], the operationvec(X )
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resultsin a mn � 1 columnvectorwith elements

vec(X ) =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

x11

x21

...

xm1

x12

...

xmn

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

:

The operationA 
 B denotesthe Kronecker product (also called the direct product)between

two matricesA and B (see(Lancaster1969) for details). It can be shown that for suitably

dimensionedmatricesA, X andB,

vec(AX B) = (B 0 
 A) vec(X ): (1)

3. PROBLEM FORMULATION

Considera formationof n agents,in which the i -th agentevolvesaccordingto the equation

x i
k+1 = � x i

k + � ui
k + wi

k ;

wherethe control law ui
k is given by

ui
k = F i; 1

k x i
k +

X

all out-neighborsj

F ij ;2
k

�
x i

k � x j
k

�
:

Assumethat the noisewi
k is zero-mean,Gaussianandwhite. On stackingthe statex i of all the

agents,we canobtain the systemstatevectorx, whoseevolution is describedby

xk+1 = (I 
 �) xk + (I 
 �) uk + wk (2)

uk = (diag(F i; 1
k ) + L gen;k )xk ;

where I is identity matrix of suitabledimensionsand diag(F i; 1
k ) is a block diagonalmatrix

with F i; 1
k 's alongthe diagonalandzeromatriceselsewhere.The vectorsuk andwk areobtained
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by stackingthe control laws and the noisesfor the individual agents,respectively. L gen;k is a

generalizationof theLaplacianmatrixof thegraphandis formedasfollows.Createtheadjacency

matrix A for thenetwork. Thenreplaceeachunity elementthat is at the(i; j )-th placeby � F ij ;2
k .

Replacethediagonalelementin the i -th row by a matrix which is thesumof thematricesF i 1;1
k ,

F i 2;1
k , � � � , F i ( i � 1)

k , F i ( i +1)
k , � � � , F in; 1

k . Restof the zero elementsare replacedby zero matrices

of appropriatedimensions.Note that the topologicalconstraintson the form of control law are

inherentin the structureof L gen;k .

In this paperwe will assumethat the topology of the network is known at any time step,

althoughit may be time-varying. We ignore issuessuchasquantizationerror andmessageloss

whenagentscommunicateover the links. Note that if all thevehiclesarenot identical,equations

similar to (2) caneasilybe obtained.The matricesI 
 � and I 
 � will be replacedby block

diagonalmatricesdiag(� i ) anddiag(� i ), but otherdetailsremainsimilar. We begin by discussing

the questionsof stabilizability and controllability of the formation undera speci®edtopology

constraint.

3-1. Stabilizability

Two questionsariseimmediately:

� Is it possibleto stabilizea formationusinginformationfrom othervehicleswhenthevehicles

are individually not stable.In other words, if a vehicle is unstable,can the formation be

stabilizedby the exchangeof informationbetweendifferentagents?

� Are sometopologiesinherentlyunstablein thatevenif theagentsarestable,theinformation

�o w will alwaysmake it impossibleto stabilizethe formation?

We note the following resultoriginally presentedin (Guptaet al. 2004).

Proposition 1. Considera formationof interconnecteddynamicagentsas de�ned in section2.

1) A formation is controllable if and only if each individual agent is controllable.

2) A formation is stabilizableif and only if each individual agent is stabilizable.

Proof: We usethe notationintroducedabove. Let the matrix � be in R m and therebe n

agentsin the formation.As canbe seenfrom (2), for controllability of the formation,we want
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the following matrix to have rank mn (KwakernaakandSivan 1972)

M 1 =
h

I 
 � (I 
 �)( I 
 �) (I 
 �) 2(I 
 �) � � � (I 
 �) mn � 1(I 
 �)
i

:

Using the standardpropertyof Kronecker product

(a 
 b)(c 
 d) = ac
 bd;

we canrewrite M 1 as

M 1 =
h

I 
 � (I 
 ��) (I 
 � 2�) � � � (I 
 � mn � 1�)
i

:

This matrix hasrank mn if andonly if the following matrix hasrank m

M 2 =
h

� �� � 2� � � � � mn � 1�
i

:

Since� 2 R m , the equivalentcondition is that the matrix

M 3 =
h

� �� � 2� � � � � m� 1�
i

;

be rank m. But M 3 being rank m is simply the condition for the individual agent being

controllable.Thustheformationis controllableif andonly if eachindividualagentis controllable.

This provesthe ®rst part.The secondpart alsofollows from the above proof. The subspacenot

spannedby the columnsof M 1 is stableif andonly if the subspacenot spannedby the columns

of M 3 is stable.

3-2. Designingthe Control Law

From (2), it can be seenthat the problemof designinga control law under the topological

constraintsis equivalent to solving the control designproblemfor the system

xk+1 = (I 
 �) xk + (I 
 �) uk + wk (3)

uk = Fkxk ;
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with the additionalconstraintthat Fk shouldhave thoseelementsas0 which correspondto zero

entriesin the L gen;k of the interconnectiontopology formed as above. Fk can then readily be

castin the form diag(F i; 1
k ) + L gen;k andthe matricesF i; 1

k andF ij ;2
k obtained.It is fairly obvious

that constrainingthe control Fk to have someelementszero forcesus to consideronly those

matricesthat live in a particular sub-spaceof the vector spaceof all matriceswith the same

dimensionsas Fk . We now de®nethe cost function we are aiming to minimize and solve the

problemof ®nding the optimal control law.

4. THE OPTIMAL CONSTRAINED CONTROL LAW

DenoteA = I 
 � andB = I 
 � andrewrite (3) as

xk+1 = Ax k + Buk + wk (4)

uk = Fkxk ;

wherethe initial conditionx0 is randomandis Gaussianwith zero-meanandcovarianceR0. The

noisewk is alsorandomwhite zero-meanGaussianwith covarianceRw . In the above equations,

xk 2 R n is the stateof the systemanduk 2 R m is the control input. We wish to minimize the

cost function

JT = E

"
TX

k=0

f x0
kQxk + u0

kRukg

#

+ E
�
x0

T +1 P c
T +1 xT +1

�
; (5)

whereQ andR arepositive de®nite.This is the classicalLQR designproblem.We can®nd the

optimal control law throughsolving the discrete-timeRiccati recursion.Supposewe now wish

to additionallyconstrainthe control law to lie within a spacespannedby the basisvectorsf � j ,

j = 1; 2; : : : ; N g. Thus the problemis to ®nd a control law of the form

Fk =
NX

j =1

� j
k � j ; (6)

where� j
k 's arescalars,that minimizesthe cost function (5).

Remarks:

1) It is fairly obvious that the optimal constrainedcontrol law would not, in general,be the

projection of the optimal control law on to the sub-spacewe are interestedin. This is
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reminiscentof the fact that the optimal causalestimatefor a randomvariable is not the

sameasthe projectionof the generaloptimal estimateon to the causalsub-space(Kailath

et al. 2000).

2) Requiringapriori that the controllerbe linear might be a non-trivial assumption.But this

allows us to derive algorithmsfor solving the problemand leadsto sharperresults.

4-1. Preliminary Result

In thissubsectionweproveanintermediateresultthatwewill uselater. Firstnotethefollowing

fact.

Lemma 2. SupposeW is positivesemi-de�niteand P(K ) denoteany matrix-valuedfunctionof

the matrix argumentK . If P(K ) > P(K 0), then trace(P(K )W) � trace(P(K 0)W).

Proof: SinceP(K ) > P(K 0), we have P(K ) � P(K 0) > 0. Also W is positive semi-

de®nite, thus W
1
2 is de®ned.Hencewe note that trace

�
W

T
2 (P(K ) � P(K 0)) W

1
2

�
� 0 or

that trace((P(K ) � P(K 0)) W) � 0. But this meanstrace(P(K )W) � trace(P(K 0)W), which

proves the assertion.

Using this lemmawe canprove the following.

Proposition 3. Considerthe cost function

C = E

2

6
6
6
6
6
6
4

2

6
6
6
6
6
4

K 1Y1 � X 1

K 2Y2 � X 2

...

K nYn � X n

3

7
7
7
7
7
5

0

W

2

6
6
6
6
6
4

K 1Y1 � X 1

K 2Y2 � X 2

...

K nYn � X n

3

7
7
7
7
7
5

3

7
7
7
7
7
7
5

;

where K i 's are arbitrary matriceswhile Yi 's and X i 's are vectors of suitabledimensionssuch

that the cost functionC is well-de�ned.Supposethat W can be written in the form

W =

2

6
6
6
6
6
4

W1;1 W1;2 : : : W1;n

W2;1 : : : W2;n

...
...

...

Wn;1 Wn;2 : : : Wn;n

3

7
7
7
7
7
5

;
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where the blocks Wi;j are of appropriate sizesso that the productX 0
i Wi;j X j is well de�ned and

that W is symmetricand positivede�nite. Thenthe optimal K i 's minimizingthe cost function

are givenby the solution to the coupledmatrix equations

K j = W � 1
j ;j

"
X

i

Wj ;i RX i Yj �
X

i 6= j

Wj ;i K i RYi Yj

#

R� 1
Yj

; 8j = 1; 2; � � � ; n;

where RYi Yj = E
�
Yi Y 0

j

�
and RX i Yj = E

�
X i Y 0

j

�
.

Proof: For eachj , we canwrite the termsdependingon K j as

Cj = trace
�
K j RYj K

0
j Wj ;j � K j 	 � 	 0K 0

j

�
;

where

	 =

"
X

i

RYj X i Wi;j �
X

i 6= j

RYj Yi K
0
i Wi;j

#

:

ThusK j needsto be chosenso as to minimize Cj . The minimization is of the form

min
X

trace(X AX 0B + X C + C0X 0) ;

whereB is invertible andpositive de®nite.This canbe rewritten as

min
X

trace(X AX 0B + X C + C0X 0) = min
X

trace
�
X AX 0B + X CB � 1B + C0X 0BB � 1

�

= min
X

trace
�
X AX 0B + X CB � 1B + B � 1C0X 0B

�

= min
X

trace
� �

X AX 0+ X CB � 1 + B � 1C0X 0
�

B
�

:

Now we uselemma2. Thusour problemreducesto that of determiningX suchthat X AX 0+

X CB � 1 + B � 1C0X 0 is minimized.We completethe squaresto write

X AX 0+ X CB � 1 + B � 1C0X 0 =
�
X + B � 1C0A � 1

�
A

�
X + B � 1C0A � 1

� 0
� B � 1C0A � 1C:

Thus the minimizing X = � B � 1C0A � 1: Applying this to our original problemof determining
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K j , we seethat

K j = W � 1
j ;j

"
X

i

Wj ;i RX i Yj �
X

i 6= j

Wj ;i K i RYi Yj

#

R� 1
Yj

:

This completesthe proof.

Note that for calculationof the K j 's, we can usethe identity (1). Thus we obtain for each

K j , the equation

vec(K j ) = vec

 

W � 1
j ;j

X

i

Wj ;i RX i Yj

!

�
X

i 6= j

� �
RYi Yj R

� 1
Yj

� 0



�
W � 1

j ;j Wj ;i
�

vec(K i )
�

:

We have onesuchequationfor eachK j , j = 1; : : : ; n. Theseequationscanreadily be solved to

obtain the valuesof vec(K j ) and from themthe matricesK j caneasilybe determined.

4-2. TheOptimal Control Law

From (5) we seethat the cost function to be minimized is

JT = E

"
TX

k=0

u0
kRuk +

TX

k=0

x0
kQxk

#

+ E
�
x0

T +1 P c
T +1 xT +1

�
:

Using the equation

xk = Akx0 +
k� 1X

j =0

A j Buk� 1� j +
k� 1X

j =0

A j wk� 1� j

and the fact that the noisewk is white andzero-meanallows us to rewrite the cost function in

the form

JT = E [� 0F� + � 0G� + � 0G0� + � 0H �] : (7)

In the above equation

� =
h

x0
0 w0

0 w0
1 � � � w0

T

i 0

is the vectorof all the randomvariablesinvolved. Similarly,

� =
h

u0
0 u0

1 � � � u0
T

i 0
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is thecontrolvectorthat is theoptimizationvariable,andthematricesF, G andH arefunctions

of A, B , R, Q andP c
T +1 . The additionalconstrainton � is that it hasto be of the form

� =

2

6
6
6
6
6
4

u0

u1

...

uT

3

7
7
7
7
7
5

=

2

6
6
6
6
6
4

F0x0

F1x1

...

FT xT

3

7
7
7
7
7
5

wherethe matricesFi have somepre-speci®edelementszero.In particular, if we write

Fi x i =

2

6
6
6
6
6
4

F 1
i x i

F 2
i x i

...

F n
i x i

3

7
7
7
7
7
5

whereF j
i is the control law appliedby the j -th agentat time stepi , thenthoseelementsof F j

i

arezerothat correspondto the elementsin the statevectorx i that the j -th agentdoesnot have

accessto. We canpull the constraintsinto the statevectorandwrite

F j
i x i = K j

i yj
i ;

whereK j
i is now a matrix freeof any constraintson its elementswhile thevectory j

i is a stacked

vectorof the statesof the agentsthat the j -th agenthasaccessto. This allows us to write

Fi x i =

2

6
6
6
6
6
4

K 1
i y1

i

K 2
i y2

i
...

K n
i yn

i

3

7
7
7
7
7
5

:
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Thus � canbe written as

� =

2

6
6
6
6
6
4

F0x0

F1x1

...

FT xT

3

7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

K 1
0y1

0

K 2
0y2

0
...

K n
0 yn

0

K 1
1y1

1
...

K n
1 yn

1
...

K 0
T y0

T
...

K n
T yn

T

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (8)

The nT matricesK j
i arearbitraryandarethe optimizationvariables.Now from (7), we seethat

the cost function canbe written as

JT = E [� 0F� + � 0G� + � 0G0� + � 0H �]

= E
h�

� + H � 1G0�
� 0

H
�
� + H � 1G0�

� i
+ E

�
� 0

�
GH � 1G0+ F

�
�

�
:

The choiceof � only affects the ®rst term. Thus the optimizationproblemis

min
�

E
h�

� + H � 1G0�
� 0

H
�
� + H � 1G0�

� i
;

where� is of theform (8). But this optimizationproblemis exactly in theform of Proposition3.

Thuswe canoptimizethevalueof thecostfunction.This solvestheoptimalcontrollaw problem.

Remarks:

1) Thesolutioninvolvesthecalculationof secondorderstatistictermswhichcanbecalculated

off-line sincethe topologyof the network is assumedto be known.

2) The procedureholds even for the casewhen the topology is time-varying, as long as all

the agentsknow the topology.

3) However note that we needto solve a total of nT coupledmatrix equations.This is a
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formidable computationalburden. In the next subsection,we presenta method that is

computationallymore tractableat the expenseof beingsub-optimal.

4-3. A Sub-optimalControl Law Algorithm

Onceagain we note from (5) that the T-horizoncost function to be minimized is

JT = E

"
TX

k=0

u0
kRuk +

TX

k=0

x0
kQxk

#

+ E
�
x0

T +1 P c
T +1 xT +1

�
:

We needto chooseu0, u1, � � � , uT that minimizeJT . Following (Hassibiet al. 1999),we gather

termsthat dependon the choiceof uK andxK andwrite themas

� T = E [u0
T RuT + x0

T QxT ] + E
�
x0

T +1 P c
T +1 xT +1

�

= E

2

4
h

u0
T x0

T

i
�

2

4 uT

xT

3

5

3

5 + E
�
w0

T P c
T +1 wT

�

= ST + OT

where

� =

2

4 R + B 0P c
T +1 B B 0P c

T +1 A

A0P c
T +1 B Q + A0P c

T +1 A

3

5

ST = E

2

4
h

u0
T x0

T

i
�

2

4 uT

xT

3

5

3

5

OT = E
�
w0

T P c
T +1 wT

�
:

In theabove equation,we have usedthesystemdynamicsgiven in (4) andthe fact that theplant

noiseis zeromean.Thuswe canwrite

JT = E

"
T � 1X

k=0

u0
kRuk +

T � 1X

k=0

x0
kQxk

#

+ ST + OT : (9)

We aim to chooseuT to minimize JT . From (9), it is clear that the only term wherethe choice

of uT canmake a differenceis ST . On completingsquares,ST canbe written as

ST = E
�
(uT � �uT )0Rc

e;T (uT � �uT )
�

+ E [x0
T P c

T xT ]
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where

Rc
e;T = R + B 0P c

T +1 B

P c
T = Q + A0P c

T +1 A � A0P c
T +1 B

�
R + B 0P c

T +1 B
� � 1

B 0P c
T +1 A

and �uT is the standardoptimal LQ control given by

�uT = �
�
Rc

e;T

� � 1
B 0P c

T +1 Ax T :

If the controllerhadaccessto the entirestate,it could simply usethe standardoptimal control

�uT . However, that is not possiblenow. Instead,the controller needsto calculateuT using the

information�o w that satis®esthe topologicalconstraintsandchooseit to minimizeST . In other

words,we needto ®nd uT = FT xT thatminimizes� T whereFT hascertainelementszero.The

control problemthusreducesto an optimal estimationproblem.Onceagain, we note that

uT =

2

6
6
6
6
6
4

u1
T

u2
T
...

un
T

3

7
7
7
7
7
5

;

where each ui
T is the control law the i -th agent applies and it is a linear function of the

measurementsthe i -th agenthasaccessto. Thuswe canwrite

ui
T = F i

T xT ;

whereF i
T hasthoseelements0 that correspondto the elementsin the statevector xT that the

i -th agentdoesnot have accessto. Pulling the constraintsinto the statevector, we canwrite

ui
T = K i

T yi
T ;

whereK i
T doesnot have any constraintwhile the vectoryi

T is a stacked vectorof the statesof

the agentsthat the i -th agenthasaccessto. Thus the problemof choosingthe control law uT
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reducesto the problemof choosingK i
T 's so as to minimize the criterion

E

2

6
6
6
6
6
6
4

2

6
6
6
6
6
4

K 1
T y1

T � �u1
T

K 2
T y2

T � �u2
T

...

K n
T yn

T � �un
T

3

7
7
7
7
7
5

0

Rc
e;T

2

6
6
6
6
6
4

K 1
T y1

T � �u1
T

K 2
T y2

T � �u2
T

...

K n
T yn

T � �un
T

3

7
7
7
7
7
5

3

7
7
7
7
7
7
5

:

This is exactly the optimization problem discussedin Proposition3. Thus the matricesK i
T

can be easily obtained.Note that this involves solving only n coupledmatrix equationsand is

hencemuch lesscomputationallyexpensive than the optimal control law calculationdiscussed

in section4-2.

Denotethe estimationerror incurreddueto the minimizing choiceof uT by � T . We have

ST = � T + E [x0
T P c

T xT ] :

We can thuswrite the cost function as

JT = E

"
T � 1X

k=0

u0
kRuk +

T � 1X

k=0

x0
kQxk

#

+ ST + OT

= E

"
T � 1X

k=0

u0
kRuk +

T � 1X

k=0

x0
kQxk

#

+ � T + E [x0
T P c

T xT ] + OT

= JT � 1 + � T + OT :

Thus we now needto choosecontrol inputs for time steps0 to T � 1 to minimize JT . By

scanningthe termson the right handsideof the equation,we seethat OT is independentof the

choiceof control laws from time 0 to T � 1. However, unlike the standardcaseof control with

imperfectobservations(Hassibiet al. 1999),we notethat apartfrom JT � 1, the estimationerror

� T is alsoa function of the statexT andhenceof the (unknown) control law uT � 1. Moreover it

is a non-linearfunction of uT � 1. Thus the control uT � 1 shouldbe chosento minimize the cost

JT � 1 + � T . Thus, the separationprinciple doesnot hold in general.This is relatedto the fact

that the informationpatternis not classical(see,e.g.,(Witsenhausen1971))becausetheprevious

control law is not known fully to all the agents.We get acrossthis problemby neglecting the

estimationcost � T and optimizing only JT � 1. For this purpose,we note that our argumentso
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far wasindependentof time index T. Thuswe canrecursively apply theargumentfor time steps

T � 1, T � 2 andso on.

Remarks:

1) We have enforceda separationprinciple arti®cially that saysthat the controllersynthesis

problemcanbe separatedinto an estimationproblemandthe usualLQR control problem.

At every time step, every controller tries to estimatethe optimal control law from the

information it hasaccessto (in the senseof Proposition3) and usesthis estimatein the

optimal LQR control law.

2) This method is in generalsub-optimalsince the separationprinciple doesnot hold in

reality. However sincethis methodreplacessolution of nT coupledmatrix equationsby

solving n coupledmatrix equationsT times, this methodsaves a lot on computational

cost.

3) If needed,better performancecan be achieved by including the estimationcost � T in

calculation of uT � 1. It can be proved that this inclusion results in a convex problem

that can be solved ef®ciently. However this methodwould still not be optimal sincefor

calculationof uT � 2, we needto considerJT � 2, � T � 1 andthe cost incurredin imperfectly

minimizing � T . Thusthe problemstartsinvolving moreandmoretermsto optimizeover.

The extent of sub-optimalitycanbe reducedby including moretermsin the optimization.

4) Intuitively, theapproximationcanbethoughtof asfollows.At any time, theoptimalcontrol

input of anagentwill dependon thecontrol inputsof all otheragentsat theprevious time

step.However the agentis not allowed to observe these.We get aroundthis problemby

ignoring the direct dependenceof the optimal control input on theseterms.Instead,we

usethe fact that thesetermswill soonshow up in thevaluesof thestatesof theneighbors

of the agent,which are being observed. Thus thesetermswill eventually be usedin the

calculationof control inputs.

5) For the fully connectedtopology, the sub-optimalalgorithmyields the sameresultas the

optimal algorithmsincethereis no estimationcost � T . In otherwords,sincethe control

inputs of all the agentscan be calculatedwhenever needed,there is no approximation

involved in ignoring their effect on eachagent's control input.

18



5. EXAMPLES

We now considertwo examplesto illustrate the issuesinvolved.

Example1: Considera network of four agents,eachwith single integrator dynamics.This

caseis of interestsincesingle integrator dynamicscan be usedto solve consensusproblems.

Let the agentsbe designatedasvi , i = 1; 2; 3; 4. The agentvi hasdynamics

x i
k+1 = x i

k � 0:2ui
k + wi

k

ui
k = F i; 1x i

k +
X

all out-neighborsj

F ij ;2(x j
k � x i

k):

We denotexk to be the stateof the whole system,where

xk =
�
x1

k ; x2
k ; x3

k ; x4
k

� 0
:

Similarly denoteuk to bethecontrolvectorobtainedby stackingall theui
k 's. Thentheevolution

of the systemis describedas

xk+1 = xk � 0:2uk + wk

uk = F 1xk + F 2xk ;

where F 1 is a diagonal matrix with F 1;1; F 2;1; F 3;1; F 4;1 as the diagonal elements;and the

(i; j )� th elementof the matrix F 2 is given by

[F 2]i;j =

8
>>>><

>>>>:

F ij ;2 i 6= j and j is an out-neighborof i

0; i 6= j and j is not an out-neighborof i

�
P

j F ij ;2; i = j :

The initial conditionis randomwith zeromeanandcovarianceasidentity matrix. Similarly the

noise is white Gaussianwith zero meanand covarianceas identity matrix. The cost function

speci®edis

J =
TX

k=0

E [x0
kQxk + u0

kRuk ] :
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We presentresultsfor T = 30. We take the weightingmatricesarbitrarily to be as follows:

Q =

2

6
6
6
6
6
4

1:6158 1:6884 1:2138 0:563

1:6884 2:798 1:2843 1:2528

1:2138 1:2843 0:9645 0:5147

0:563 1:2528 0:5147 0:7501

3

7
7
7
7
7
5

R =

2

6
6
6
6
6
4

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 1

3

7
7
7
7
7
5

:

First we note that if all the agentsare communicatingwith one another, the sub-optimaland

optimalalgorithmgive thesamecostandthecontrol law matrix. We alsoconsidera constrained

topology wherewe allow limited communicationto happen.The topology is as follows. The

vehiclev1 cantalk to v2, the vehiclev2 to v1 andv3, the vehiclev3 to v2 andv4 andv4 cantalk

to v3. In this case,the evolution of the cost is shown in ®gure 1. We can seethat the loss in

performancefrom the sub-optimalalgorithmis not huge.The savings in computationaltime are

considerable,however. Note that at the intermediatetime values,the sub-optimalalgorithm is

performingbetterthan the optimal algorithm.However, this can be easily explainedby noting

that the optimal algorithm is optimal for a time horizon of 30 stepsand thereis no guarantee

that it is the optimal algorithmfor a smallertime window aswell.

In ®gure2 we show the steadystatecostfor the ring topologyfor a time horizonof 100 time

stepsfor the ring topology as we introducedelay into the system.The ring topology involves

all communicationlinks beingpresent,exceptthe v2v4 andv1v3 links. We assumethat the state

information is passedwith somedelay as a multiple of samplingtime of the systembut the

agentscalculatethe control law assumingthereis no delay. It canbe seenthat the costslowly

increasesandthe systemis reasonablyrobust to delayuncertainty. It becomesunstableonly for

a delayequalto or greaterthan5 time steps.

Example2: In this example we use the dynamicsof each agent as the dynamicsof the

CaltechMulti VehicleWirelessTestbedvehicles,asdescribedin (Cremeanet al. 2002,Waydo
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et al. 2004).The non-lineardynamicsaregiven by

m•x = � � _x + (FL + FR) cos(� )

m•y = � � _y + (FL + FR) sin(� )

J •� = �  _� + (FR � FL )r f :

FL andFR arethe inputs,m = 0:749kg is themassof vehicle,J = 0:0031kg m2 is themoment

of inertia, � = 0:15 kg-s is the linear frictional coef®cient,  = 0:005kgm2=s is the rotational

friction coef®cient and rf = 0:089m is the distancefrom the centerof massof the vehicle to

the axis of the fan. On linearizing the dynamicsaboutthe straight line y = x at a velocity of

1ms� 1 along the x andy axes,we obtain the equations

_X = AX + BU

U = F X ;

where

X =
h

x y � _x _y _�
i 0

A =

2

6
6
6
6
6
6
6
6
6
6
6
4

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 � (F nom
L + F nom

R ) sin(� nom )
m

� �
m 0 0

0 0 (F nom
L + F nom

R ) cos(� nom )
m 0 �

m 0

0 0 0 0 0 �  
J

3

7
7
7
7
7
7
7
7
7
7
7
5

B =

2

6
6
6
6
6
6
6
6
6
6
6
4

0 0

0 0

0 0
cos(� nom )

m
cos(� nom )

m
sin( � nom )

m
sin( � nom )

m
� r f

J
� r f

J

3

7
7
7
7
7
7
7
7
7
7
7
5
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� nom =
�
4

F nom
L = F nom

R =
�

p
2

:

We discretizethe above equationswith a step size h = 0:2. We consider8 vehiclesstarting

from an octagonalformationandconsiderthe topologiespossibleas the communicationradius

of eachvehicle is increased.It is apparentthat by symmetry there are 5 distinct topologies

possible,with eachvehicle talking to 0, 2, 4, 6 and 7 other vehiclesrespectively. The initial

covariancematrix R0 is the identity matrix. The cost function matrix R is also identity while

the matrix Q is randomlygenerated.The costfunctionhorizonis T = 100time steps.A typical

curve for the varying of the costsprovided by the sub-optimalalgorithmasthe communication

radius is increasedis given in ®gure 3. Following generalconclusionscan be drawn for the
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Fig. 3. As the communicationradiusis increased,the costgoesdown. Costconsideredis E [x 0
k Qx k + u0

k Ruk ].

examplefrom the plot.

1) As moreandmorecommunicationis allowed, the costgoesdown.

2) The marginal utility of eachcommunicationlink decreasesas more and more links are

added.
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Thedifferencein theperformancebetweenthesub-optimalandtheoptimalalgorithmsincreased

as the communicationtopology becamemore and more sparse.Figure 4 shows anotherplot

comparingthe comparisonof optimal andsub-optimalalgorithmsfor a differentvalueof the Q

matrix. It canbeseenthateven for thedecentralizedcase,theerror is of theorderof only 30%.
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Fig. 4. As the communicationradius is increased,loss in performancedue to the sub-optimalalgorithm decreases.Cost
consideredis E [x0

k Qx k + u0
k Ruk ].

6. CONCLUSIONS AND FUTURE WORK

In this paper, motivatedby synthesisof optimal control laws for interconnectednetwork of

agents,weconsideredtheproblemof synthesisof aLQR optimalcontrollaw which is constrained

to lie in a particularvector space.We saw that the problemwas hard to solve in general.We

presenteda computationallyexpensive methodfor the optimal ®nite time horizon control and

a computationallyeasiermethodto generatea sub-optimalcontrol law. We presentedexamples

which illustratedthat the loss in performancedueto the sub-optimalalgorithmis not hugeand

that communicationin generalhelpsto bring down the cost.The methodsinvolve the solution

of linear equationsandare thus free from convergenceproblems.
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Althoughthis work is a signi®cantadvancein the®eld in many respects,morework is needed

to fully understandand solve the problemof optimal control of a network of dynamicagents.

The optimal control law we have presentedserves as a good benchmarkto evaluateany other

control strategy; however, it is computationallyvery expensive and good approximationsthat

are more tractablewill be useful in many situations.We have presentedone suchsub-optimal

algorithm.Fromnumericalexamplesit seemsthat the lossin performanceis not huge.However,

we have not beenable to obtain an analytic expressionof the loss in performanceor a bound

on it. As discussedin the paper, for a fully connectedtopology, thereis no lossof performance.

Moreover plots like Figure 4 suggestthat as the topology becomesmore and more sparse,the

loss in performanceincreases.Work characterizingthe performanceof the various synthesis

algorithmsas a function of topology is also likely to aid us in designingtopologiesthat yield

betterperformance.In general,the optimal cost is achieved by the fully centralizedtopology.

We might, however, be interestedin putting additional constraintson the topology, e.g., the

total numberof links might be limited to prevent congestionin the sharedchannelor network.

Thusa morerelevant questionis to obtaina topologyfor which thereexists a control law such

that the cost achieved is at most a prescribedconstant� times the cost achieved by the fully

centralizedtopology. An analyticmethodfor obtaininga relationbetweentopologyandoptimal

cost is needed.Finally work characterizingthe effect of topology on the cost will also help

in understandingthe robustnessof the algorithmsto knowledgeof the topology. Currently, we

assumethateitherthecontrollaw is calculatedoff-line by acentralprocessor, or eachnodeknows

thetopologyandcalculatesthecontrol law for theentiresystemandextractsits own control law

from it. To make this implementationmorescalable,it will be useful to understandthe effects

of topology changesfar from the individual agent,or equivalently, to imperfectknowledgeof

the topology far away.

Therearemoreareasthat this work canbeextendedto modelmorereal-life situations.Oneis

to remove theassumptionof perfectcommunicationwhena link exists.Althoughour algorithms

representan improvementover many methodsexisting in the literaturesince they can handle

a time-varying topology, we still assumethat the topology is known at every time step.This

would be the caseif the changeis deterministic.Usualcommunicationmodelsarestochasticin
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nature,e.g., the loss of a link can be modeledas a randomprocess.Extendingour algorithms

to suchstochasticmodels(e.g.,basedon the work (Nilsson1998)) is an importantdirectionwe

arecurrentlypursuing.
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Figure Captions

� Fig 1. Thelossin performancedueto thesub-optimalalgorithmis nothuge.Costconsidered

is E [x0
kQxk + u0

kRuk ].

� Fig 2. Thesub-optimalalgorithmis robustto delays.Costconsideredis E [x0
kQxk + u0

kRuk ].

� Fig 3. As the communicationradius is increased,the cost goesdown. Cost consideredis

E [x0
kQxk + u0

kRuk ].

� Fig 4. As thecommunicationradiusis increased,lossin performancedueto thesub-optimal

algorithmdecreases.Costconsideredis E [x0
kQxk + u0

kRuk ].
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