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Abstract

Thispaperconsiderstheeffectof spatialcorrelationbetweentransmitantennason thesum-ratecapac-
ity of theMIMO broadcastchannel(i.e., downlink of a cellularsystem).Speci�cally, for a systemwith
a largenumberof users� , we analyzethescalinglaws of thesum-ratefor thedirty papercodingandfor
differenttypesof beamformingtransmissionschemes.Whenthechannelis i.i.d., it hasbeenshown that
for large ��� thesumrateis equalto ���
	��
�
	��
��������	����

�

��������� where � is thenumberof transmit
antennas,� is theaveragesignalto noiseratio,and ������� refersto termsthatgo to zeroas �! #" . When
thechannelexhibits somespatialcorrelationwith a covariancematrix $ (non-singularwith %'&��($)�+*,� ),
weprovethatthesumrateof dirty papercodingis ����	��
��	��
�-�.�/��	��

�

�

�0��	��21�3546�($)���7������� . Wefurther
show thatthesum-rateof variousbeamformingschemesachieves����	��
��	��+�2�7�/��	��

�

�

�7����	��+8��0���9�:�

where 8<;=� dependson the type of beamforming.We canin fact compute8 for randombeamforming
proposedin [24] andmoregenerally, for randombeamformingwith precodingin which beamsarepre-
multipliedby a �x edmatrix. Simulationresultsarepresentedat theendof thepaper.

Key Words: broadcastchannel,channelstateinformation,transmitcorrelation,multi-userdiversity, wire-
lesscommunications.

1 Intr oduction

Multiple inputmultipleoutput(MIMO) communicationhasbeenthefocusof alot of researchwhichbasically
demonstratedthatthecapacityof a point to point MIMO link increaseslinearly with thenumberof transmit
andreceive antennas.Researchfocushasshiftedrecentlyto therole of multiple antennasin multiusersys-
tems,especiallybroadcastscenarios(i.e., oneto manycommunication)asdownlink schedulingis themajor
bottleneckfor futurebroadbandwirelessnetworks.An overview of theresearchonthisproblemcanbefound
in [26, 1].

In thesescenarios,whenmultiple usersarepresent,oneis usuallyinterestedin 1) quantifyingthemax-
imum possiblesumrateto all usersand2) devising computationallyef®cient algorithmsfor capturingmost
of this rate[35]. The®rst questionwassettledrecentlyby usinga techniquesimilar to writing on dirty pa-
perandhenceknown asdirty papercoding(DPC).While DPCsolvesthebroadcastproblemoptimally, it is
computationallyexpensive andrequiresagreatdealof feedbackasthetransmitterneedsperfectchannelstate
informationfor all users[1].

Therehasbeenincreasedinterestrecentlyto devisesimpletechniquesthatutilize multiuserdiversityand
achieve a sum-ratecloseto thesum-ratecapacityof theMIMO broadcastchannel(see,e.g.,[23, 24, 15, 9,
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10]). Theschemeproposedin [24], known asopportunisticmultiple randombeamforming(or conciselyran-
dombeamforming),hasbeenprovedto asymptoticallymaximizethesum-rate(or throughput)of thedownlink
of singleantennacellularsystemsby transmittingto theuserswith thebestchannelconditionsfor agivenset
of randombeams.Thegainof this andotherbeamformingschemescanbeattributedto multiuserdiversity–
eachuserexperiencesa differentchannelandthereforethe transmittercanexploit this variationandchoose
theusersthathavethebestchannelconditions.Clearly, themultiusergainwouldbespeciallymagni®edwhen
thechannelsbetweenthetransmitterandtheusersarechangingindependently.

In thispaperwefocusonamulti-antennadownlink channelin thepresenceof correlationbetweentransmit
antennas.This correlationis causedby local scatterersaroundthe basestationor the fact that the transmit
antennasin thebasestationarenotspacedfarenoughto createindependentchannels.Theoverridingquestion
thenis to analyzetheeffect of this correlationon thesum-rateof DPCandvariousbeamformingscheduling
techniques.

Speci®cally, we considerthreevariationsof randombeamforming,namely, randombeamformingwith
channelwhitening,beamformingwith generalprecoding,anddeterministicbeamforming. In the ®rst, the
transmitterspatiallywhitensthechannelandthenusesrandombeamforming.In randombeamformingwith
precoding,thetransmitteremploys a moregeneralprecodingmatrix. In bothof thesetransmissionschemes,
thetransmittedsignalneedsto bescaledproperlyto maintaintheaveragepower constraint.Finally, in deter-
ministic beamforming,asits namessuggests,we usea ®xedbeamformerfor all channelusesin placeof the
randomlyvaryingone.

Whenthenumberof usersis large andthereis no correlation,thesumratefor DPCandrandombeam-
formingasymptoticallycoincide[24]
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where
�

is thenumberof users,
�

is thenumberof transmitantennas,and � is theaveragesignalto noise
ratio, and

�������

representstermsthatgo to zeroas
�����

. It turnsout that this is not casefor thechannel
with transmitcorrelation.In thiscase,thesum-ratecanbewrittenas
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wherethe constant
#&%'�

(which refersto the sum-ratelossdueto correlation)dependson the scheduling
schemeandtheeigenvaluesof thecovariancematrix

�)(

Thepaperis organizedasfollows. After introducingthechannelmodelin thenext section,we review in
Section3 thedifferentschedulingschemesstudiedin thispaper. Weobtainthescalinglaw of thesum-ratefor
DPCandrandombeamformingschemesin Section4 and5, respectively. Section5.2,whichis theheartof the
paper, is devotedto deriving thescalinglaw of randombeamformingin a spatiallycorrelatedenvironment.
We usethis resultto derive thescalinglaws for randombeamformingwith precodingandfor deterministic
beamforming.Weconcludethepaperwith simulationsandconclusions.

2 ChannelModel and ProblemFormulation

In this paperwe considera multi-antennaGaussianbroadcastchannelwith
�

receiversequippedwith one
antennaanda transmitter(basestation)with

�

antennas.Let *

�,+-�

be the
� ./�

vectorof the transmit
symbolsat time slot

+

, andlet 021

�,+-�

bethereceivedsignalat the 3 ' th receiver. Wecanthenwrite thereceived
signalat the 3 ' th useras

0
1

�,+-�4��5

�76
1

*

�,+8�9��:

1<;
3

�=�

;

(>(>(

;

�

; (3)

where
:

1 is the additive noisewhich is complex Gaussianwith zero meanand unit variance, ?A@

�CB

;

���

.
Moreover, *

�,+8�

is the transmitsymbolsatisfyingthe power constraintDFEG*IHJ*!K

�L�

. Here � denotesthe
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averagetransmitpower (or equivalently theaverageSNRconsideringthenormalizationof thevariancesfor
channelandnoise).

Thechannel6"1 is a
�). �

complex channelvector, known perfectlyto thereceiver, anddistributedas
?A@

�CB

;

�7�

. The
� .)�

covariancematrix
�

is ameasureof thespatialcorrelationandis assumedto benon-
singularwith

+

�

�C�7�I� � 1. We alsoassumethat 6 1 follows a block fadingmodel,i.e., it remainsconstant
duringa coherenceinterval

�

andvariesindependentlyfrom onesuchinterval to thenext. We ®nally note
thatthechannelis identicallydistributedacrossusersbut is independentfrom oneuserto another.

Denotingthe averagerateof the 3 ' the userby
�

1 over all the channelrealizations,we areinterestedin
analyzingthebehavior of thesum-rate,i.e., ���

1��	�

�

1 , of downlink for large
�4(

In thefollowing section,we review theschedulingschemesthatwill beconsideredin thispaper.

3 Review of TransmissionSchemesin the Downlink

3.1 Dirty Paper Coding (DPC)

Thecapacityregionof themulti-antennabroadcastchannelis achievedby dirty papercodingwhenfull chan-
nel stateinformation(CSI) is availableto the transmitterandusers.Intuitively, if the transmitterknows the
channelsof all users,it canuseDPCto pre-subtracttheinterferencefor eachuserwhile preservingtheaver-
agepower constraint[35]. More precisely, thesumratecapacity,

��

���

, canbewritten as(see[15] andthe
referencestherein),
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In a systemwith a large numberof users
�

, andfor ®xed
�

and �
; it hasbeenshown that thesum-rateof

DPCbehavesasin (1),
�5
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	!������� �
	

�

�

���������

; (5)

whenthereis no spatialcorrelation,i.e.,
� �76

[24]. Scalingof thesumratecapacityhasalsobeeninvesti-
gatedfor otherregionsof

�

,
�

, and � (see[13, 10, 12] for details).
Therearetwo major drawbacksof this scheme.First, it is very computationallycomplex, both at the

receiversandtransmitter. Moreover, it requiresfull CSIfeedbackfrom all activeusersto thetransmitterof the
basestation(this feedbackrequirementincreaseswith thenumberof antennasandusersandwith thedecrease
of thecoherencetime of thesystem).

3.2 RandomBeamforming

Giventhesedrawbacksof DPC,researchhasfocusedondevisingalgorithmsfor multiuserbroadcastchannels
thathave lesscomputationalcomplexity and/orlessfeedbackandstill achieve mostof thesum-ratepromised
by DPCsuchasrandombemaforming[23] andzeroforcing [9] (seealso[14, 7]). A randombeamforming
schemewasproposedin [24] wherethe transmittersendsmultiple (in fact

�

) randomorthonormalbeams
chosento userswith thebestsignalto interferenceratio (SINR). In this schemetheonly feedbackrequired
from eachuseris theSINRof thebestbeamandthecorrespondingindex.

Speci®cally, thetransmitterchooses
�

randomorthonormalbeamvectors8:9 (of size
� . �

) generated
accordingtoanisotropicdistribution. Now thesebeamsareusedto transmitthesymbols;<�

�,+-�

;
;>=

�,+-�

;

(>(>(

;
;�?

�,+8�

1Weassumethatthespatialcorrelationis invariantacrossusers.Thisassumptionis realisticbecausethis is effectively thetransmit
correlationamongantennasat thebasestation.
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by constructingthetransmittedvector

*

�,+8�$�

?

0

9 �	�

8%9

�,+-�

;>9

�,+-�

;

+
�=�

;

(>(>(

;

�

(6)

After
�

channeluses,the transmitterindependentlychoosesanotherset of orthogonalvectors E�8 97K and
constructsthesignalvector(accordingto (6)) andsoon. Fromnow on andfor simplicity, we will drop the
time index

+ (

Thesignal 0 1 at the 3 ' th receiver is givenby

0 1

� 5

� 6F1 *

��:

1 (7)

� 5

�

?

0

9 �	�

6 1 8 9 ; 9

��:

1 ; 3

�=�

;

(>(>(

;

�

(8)

whereD

�

*
* H

�
�

�

?

6

sincethe ;�1 'sareassumedto beidenticalandindependentlyassignedto differentusers.
The 3 ' th receiver usesits knowledgeof theeffective channelgain 6 1 8%9 ; somethingthatcanbearrangedby
training,to calculate

�

SINR's,onefor eachtransmittedbeam
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9
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(9)

Eachreceiver thenfeedsbackits maximumSINR,i.e.

� ���

�

#

9

#

?

�������

1

�

9 , alongwith themaximizingindex 


(

Thereafter, thetransmitterassigns;�9 to theuserwith thehighestcorrespondingSINR,i.e.

� ���

�

#

1

#

�

�������

1

�

9 . If

wedo theabove scheduling,thethroughputfor large
�

canbewrittenas[31] 2,

������� � �

D
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#

1

#

�

�������

1

�

9��

� �������

(10)

wheretheterm
� �����

accountsfor thesmallprobabilitythatuser3 maybethestrongestuserfor morethanone
signal ; 9 [24].

To further quantify (10), [24] usedthe fact that the
�������

1

�

9 's are iid over 3 and employed extreme
value theory [34] to argue that

� ���

1

#

�

�������

1

�

9 behaves like
��� �
	!���
	!�

andhenceconcludedthat the sum

ratecapacityscalesasin (1), meaningthatthesum-rateof randombeamformingbehavesthesameasthatof
DPCfor largenumberof users.

3.3 Other Beamforming Schemes

The scaling result (1) appliesfor iid channels. As such,we derive in Section5 the scaling law of this
schemefor correlatedchannels.Alternatively, giventhiscorrelation,weconsiderthefollowing beamforming
schemes.

Randombeamforming with channelwhitening In the presenceof correlation,one can ®rst whiten the
channeland then userandombeamformingscheduling. In this case,and insteadof using � as the
beamformingmatrix3, we would use 5 �

���

��� =

� where � is a constantto make surethat thetransmit
symbolhasanaveragepower of

� (

Thescalingof this schemewould follow directly from thescaling
of randombeamformingover iid channels(seeSection5.1).

2Theproof follows from thefactthewhen  is largethemaximumSINRandthe ! ' th maximumSINRbehave quitesimilarly.
3Notethat " is anorthonormalmatrix composedof thebeam(column)vectors#

��$�%&%�%�$

#('

%
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Randombeamforming with generalprecoding Moregenerally, wecanprecodewith ageneralmatrix 5 ���

�

��� =

beforebeamforming,i.e. we use 5 ���

�

��� =

� to transmittheinformationsymbols.Thescalingof this
schemefollows directly from the scalingof randombeamformingover correlatedchannelsandso is
consideredin Sections5.2and5.4.Wegoonestepfurtherandshow how to computethesum-ratewhen
thebeamformingmatrix is premultipliedby thefull rankmatrix � .

Deterministic beamforming Finally, by ®xing the beamformingmatrix � ; we obtaindeterministicbeam-
forming, a schemeanalyzedby Park andPark [19] (for the two antennacase)andwhich we further
analyzein Section5.3.

As we mentionedabove, andaswe shall soonsee,all theseschemeshave scalingsimilar to the iid case(1)
with a penaltyterm

�����
	!#

where
# % �

is a constantthatdependsonly on theschedulingschemeandthe
correlationmatrix

�)(

4 Effect of Transmit Corr elation on the Sum-Rateof DPC

In this section,we derive thescalinglaws of DPCfor correlatedchannels.As mentionedearlier, dirty paper
codingachievesthesum-ratecapacityof themulti-antennabroadcastchannel.Thesum-ratecapacityis given
by (4) andits behavior when

�

is large is givenby (5) for iid channels.It turnsout thatwhenthenumberof
usersis large,thesum-ratecapacitywill bedecreasedby a constantwhich dependson thecovariancematrix
of thechannel.It shouldbementionedthatthroughoutthepaper, weassume

�

is ®xedandnon-singularwith
+

�

�C�7�4���

.
Thenext theoremprovesthis statement.Theproof is alongthesameline astheproof for the i.i.d. case

(asshown in [24]) with the only differencethat the lower boundratherthanbeingachieved with random
beamformingis achievedwith a spacialtypeof deterministicbeamforming.We ®rst give thelower boundin
thefollowing lemma.

Lemma1. ConsideraGaussianbroadcastchannelwithachannelcovariancematrix
�

which isnon-singular
with

+

�

�C�7� �=�

. Let there beonetransmitterwith
�

antennasand
�

users with singleantennasthat have
accessto theCSIandthetransmitterknowstheCSIperfectly. Weassumethetransmitterusesthedeterministic
beamformingmatrix �

���

H where
�

is theunitarymatrixconsistingof theeigenvectors of
�

. Thenfor large
�

, thesum-rateof thisschedulingis

�
� �

�
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(+*-, �C�7� ��� ����� (

(11)

Proof: SeeSection5.3 for theproof.

Clearly(11) is a lower boundfor thesum-ratecapacity. In thenext theoremwe show that(11) is indeed
anupperboundfor thesum-rateaswell.

Theorem 1. Considera Gaussianbroadcastchannelwith an autocorrelationmatrix
�

de�ned in Lemma1.
Let there beonetransmitterwith

�

antennasand
�

users with singleantennasthat haveaccessto theCSI.
Assumefurther that the transmitterknowsthe CSI perfectly. Thesum-rate capacity(which is achievedby
DPC)scaleslike

�5
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'

5

( *-, � ���������

; (12)

for large
�

.
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Proof: Lemma1 impliesthattheright handsideof (12) is achievable.All we needto prove thetheorem
is to show thatthesum-rateof DPCcannotbelargerthan(12). Weusethesumratecapacityexpressiongiven
in (4) to obtainanupperboundfor thesum-rate.To this end,de®ne 6!1

�

6��

" �

�

�

; where 6��

"

is @

�CB

;

6 � (

With thisdecomposition,thesum-ratecapacitycanbewrittenas

�5

��� �

D
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�

� � ������� � � � �  ��"

�

�'&

���
	)(+*-,/.2�

�

�

�

�

0

11�	�

6

H

�

"

� 1C6��

"

2

(+*-,��C�7�

3 (13)

Now usingthegeometric-arithmeticmeaninequality
( *-,��

�

� %

�����	��

�

? �

?

, weobtain
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H

�

"

� 1,6��

"	� %

� ���
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,��G�
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H

�

"

6��

" �
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� ���
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6 �

"

�

=

�

to replacethe
���
	 (+*-,

with anupperbound
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"
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� �
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�
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0
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6

H

�
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� 1C6��
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�
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�

� �
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1��

6
�

"

�

=

�
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Since
�

6��

"

�

= is �

=

���
� �

distributed,with high probability, themaximum

� ���

1
�

6��

"

�

= behaveslike
���
	!���

�

�C� �
	!���
	
� �

. Thus,
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�

���
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�

�����
	 (+*-, � ���������

(14)

which is thedesiredupperbound.This completestheproofof thetheorem.

The bound in (14) coincideswith (12) in the Theorem statementfor large
�4(

I wanted to point your
attention to this fact. I don't know if you want to mention anything about that.

5 Effect of Transmit Corr elation on RandomBeamforming

Thedeterministicbeamformingschemeof Lemma1 asymptoticallyachievestheDPCsum-rate.However it
hasthedrawbackthat,unlessthe 6�1 's changevery rapidly over differentchanneluses,it will oftentransmit
to a ®xedsetof users.To make theschedulingmoreshort-termfair, it is usefulto furtherrandomizetheuser
selectionby randombeamforming(see[23, 24] for moredetails). In this section,we analyzethe effect of
correlationon thesum-rateof randombeamforming.Westartby thesimplestcasein which thebeamforming
matrix is multipliedby

�
�

��� = in orderto whitenthechannel.Wethenturnourattentionto therandombeam-
forming schemeand®nally useit to deducethe sumratesof deterministicbeamformingandbeamforming
with generalprecoding.

5.1 RandomBeamforming with ChannelWhitening

To whiten the channel,we multiply all the beamswith 5 �

�
�

��� = where � is a normalizationfactor. The
transmitsymbolis thereforeequalto

*

�,+-�
�

?

0

9 �	�

5

�

�

�

��� =

8 9

�,+8�

;>9

�,+-�

(15)
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Wechoose� to satisfythepower constraint–thatthetransmitsymbolaveragepower is boundedby unity,

DFE

�

*

H

�

�

�

*!K

�
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DFE

+

�

�

*

�

�

�

*

H
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K

�

�
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+

�

�C�

�

�

*

H

*

�

K

�

�

+

�

�C�

�

�

D

�

*

H

*

�8�

K

�

�

+

�

�C���

�

�

� (16)

Thus,theconstraintD"E

�

*!H

���

�

*!K

%��

impliesthat �

%

?

���

�

���

�

� . Wecanthereforewrite theSINRas
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(17)

where 6

�

1

�

6"1

���

��� = hascovarianceof
6

andthereforehasi.i.d. Gaussianentrieswith zeromeanandunit
variance.Thereforewe canapply therandombeamformingresultof [24] to obtainthesumrateof random
beamformingwith channelwhitening.This is summarizedin thefollowing Theorem.

Theorem 2. Considera Gaussianbroadcastchannelwith a channelcovariancematrix
�

de�nedin Lemma
1. Let therebeonetransmitterwith

�

antennasand
�

userswith singleantennasthathaveaccessto theCSI.
If the transmitterknowsthechannelautocorrelation perfectly, thenthesumratecapacityfor randombeam
formingwith channelwhitening(denotedby

�
� �

��� ) is givenby

�
���

���

� �����
	!���
	$������� �
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+

�

�C�
�

�

�

�

���������

(18)

for suf�ciently large
�4(

Whenthe the channelis i.i.d, Theorem2 reducesto the alreadyknown resultof [24]. It is alsoworth
mentioningthat(18) is lessthanthesum-rateachievedby DPCin (12).

5.2 Sum-Rateof RandomBeamforming

In this section,we studytheeffect of transmitcorrelationon randombeam-forming.To do this, we needto
derive theCDF andpdf of theSINRde®nedin (9).

Thesumratecapacityof randombeamformingis given by (10). Now considertheexpectationin (10).
Theaveraginghereis doneover 6�1 and � in thefollowing order,

D

� �
	

�

�$�

� ���

�

#

1

#

�

�������

1

�

9
�

�

D
	

�

D
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"����

	

���
	

�

���

� ���

�

#

1

#

�

�������

1

�

9
�

�
��� (19)

i.e., we evaluatethe expectationby ®rst conditioningon � andcalculatingthe expectationover 6 1 andwe
subsequentlyaverageover �

(

The advantageof doing so is that � is commonamongall usersandso, by
conditioningover � , all theSINR's,

�������

�

�

9
;

(>(>(

;

�������

�

�

9 remainiid. This in turn allows us to evaluate� ���

�

#

1

#

�

� �����

1

�

9 usingextremevaluetheoryprovidedwecanevaluatetheCDF(andpdf) of theSINR.

It turnsout that themainchallengelies in calculatingtheCDF. Whenthechannelis iid, calculatingthe
CDF is straightforward astheSINR numeratoranddenominatorareindependent[24]. This ceasesto bethe
casein thepresenceof correlationandin evaluatingtheCDF, we usea contourintegral representationof the
unit stepand®nd the CDF usingtheGaussianintegral. Oncethe CDF is available,we appealto resultsin
extremevaluetheoryto obtainthebehavior of

� ���

�

#

1

#

�

�������

1

�

9 when
�

is large andproceedto calculatethe

expectationin (19)
With thescalinglaw for randombeamformingat hand,it becomesstraightforward to obtainthescaling

laws of randombeamformingwith precodingandof deterministicbeamforming.
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5.2.1 Distribution of
� �����

1

�

� Given �

We®rst obtainthecomplementaryCDFof
� �����

1

�

9 de®nedin (9) by de®ningtheauxiliaryvariable * as

*

�

��� �

�

6

H

1

�8��� �

�

�

8%9/8

H

9

�

�

6 �

6F1 (20)

Here
� �

�

?

just to simplify thenotationandwherethebeamformingmatrix � is givenand 6 1 is an
� . �

vectorwith Gaussianentriesandwith covariancematrix
�

. We canwrite theprobabilitythat
�������

1

�

9��

�as,

�

�

�������

1

�

���

�

�
�

�

�

*��

B � � �	�

�

�

�

�

6"1

��
 �

*

�
�

6F1 (21)

�

�

� ?

(+*-,��C�7�

�

�

�

�	�

�

�

>

"

�

�

�

�

"


 �

*

�
�

6F1 (22)

where

 �

*

�

is theunit-stepfunction.To evaluate�

�

*��

B �

; wecanview * asa weightedsumof correlated
Gaussianrandomvariablesandemploy oneof varioustechniquesthathave beensuggestedin the literature.
Unfortunately, theexpressionswe get involve recursionsandin®nite sumsandhencedon't lendthemselves
to furthermathematicalmanipulations.Instead,weusethefollowing representationof theunit stepfunction


 �

*

�
�

�

�

�

�

�

�

�

�

� ������� ���

���

���

�

�

(23)

which is valid for any
�

�

B (

This frees(22) from the constrainton * and,aswe shall see,allows us to
compute(22) in closedform.

Using(23),we canexpress(22)as

�

�

*	�

B �
�

�

�

�
?

�

�

( *-, �C�7�

�
�

�

�

�

�

�

���

���

�
�

�

�

�

6F1

�

� ������� ���

�

�

>

"

�

�

�

�

"

Usingthede®nitionof * in (20),weget

�

�

*��

B � �

�

�

�
?

�

�

(+*-, �C�7�

�

�

�

�

�

�

�

�

� ������� �� !

���

���

�

�

�

�

�

6F1

�

�

�

>

"#"

�

�

�

�

"

�

�

�

�
?

�

�

(+*-, �C�7�

�

�

�

�

�

�

�

�

� ������� �� !

���

���

�

(+*-,���$ �7�

(24)

where

$
��� �

�

�

�

�

�

���

��� � 6

�

���!�

�

� �

���

��� �

8%9/8

H

9

(25)

Evaluating the roots of
$

�

Now to evaluatethe integral with respectto
�

; we needto ®nd the rootsof
(+*-,���$ �7�

with respectto
�

(

To thisend,notethat

(+*-,���$ �7� � (+*-,�� �

H&%

�

�

��� �

���

��� � �

�

6

�

���!�

�

�

8%9/8

H

9

�8�

(26)
� (+*-,��

%

�

�

� �

���

��� � �

�

6

�

�����

�

�

8

9

8

H

9

�8�

(27)
� (+*-,��

%

�

�

��(+*-, �

�

�

��(+*-,G�8�

���

��� � 6

�

�

�

�

�

(28)

where
�

H

%

�

�

�

representstheeigenvaluedecompositionof
�

�

�

;
8

9('

� �

8
9 ; and

�

� ���!�

�

�

%

��� =

8

9

8

H

9

%

��� =

�

�

% (29)
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Now

(+*-,��

%

�

�

��(+*-, �

�

�

� � ( *-,��

�

6

�

���!�

�

�

8

9

8

H

9

�

(30)
�

�

?

�

�

�

�

�

�����

�

�8�

(31)
�

�

�

?

�

� (32)

because
�

6

�

��� �

�

�

8

9

8

H

9

has
�

asaneigenvaluewith multiplicity
�

�

�

andaneigenvalueat
�

�

��� �

�

�

�

8

9

�

=

�

�

� (

Wecanthuswrite

(+*-, ��$ �7�4�

�

�

?

�

�

(+*-, �8�

���

��� � 6

�

�

�

�

�

Now considertheequation
(+*-,��8�

���

��� � 6

�

�

�

�

�
� B

(33)

Therootsof this equation,with respectto
���

� �

; are
�

���

1

�

�

�

where
�

1

�

�

�

is aneigenvalueof thematrix
�

(

Since � is Hermitianandnonsingular, theseeigenvaluesarerealandnonzero.To ®nd theseeigenvalues,
decompose� as

�

�

�

�

�

�

=

where
�

�

� �����

�

�

%

��� =

8

9

8

H

9

%

��� = and �

=

�

�

�

%

Thematrix �

� hasonly onenonzeroeigenvalue,
���!�

�

�

8

H

9

%

8

9

(

Theeigenvaluesof �

= are

�

�

�

?

�

%

� %

�

�

�

?

�

�

�

%

� %������ %

�

�

�

�

�

%

�

where
�

�

�

%

�&%

�

=

�

%

� %������A%

�

?

�

%

�

are the diagonalelementsof % (ordered)4. The secondlargest
eigenvalueof � thussatis®es[18]

�

?

�

�

�

�

� %

�

�

?

�

�

�

�

�

� �

�

?

�

�

=

�

�

?

�

�

�

�9�

�

?

�

�

�

�

=

� (34)

�

�

B

�

�

�

�

8

H

9

%

8

9

�

�

�

=

(35)

Thismeansthat
�

?

�

�

�

�

� %

�

�

�

�	�

B (

Sothesecondlargesteigenvalueis negative. Thelargesteigenvalue,
however, is positive (otherwise� would benegative de®niteor singular, neitherof which is thecase).This
meansthat(33)hasexactlyonepositive root

�

�

�

�

?

�

�

�

Henceforth,wedropthedependenceuponthematrix � asit is understood.Fromabove,wecanexpress
$�

as

(+*-,��C�7�
�

�

�

?

�

�

�8�

���

��� �

�

�




'

���

?

�

�

1��	�

�8�

���

��� �

�

�




"

�

4In general,the ! eigenvaluesof a size ! matrix 
 arewritten as �

���


������

�

�


��������������
'

�


�� . We will drop the
dependenceon 
 for notationalconveniencewhenever it is understood.

9



Deriving the CDF of SINR With theabove factorizationof
(+*-,�� $�7�

; wecanproceedto evaluatetheproba-
bility �

�

�

�

B �

in (24)andhencetheCDF of theSINRcanbewrittenas,

�

�

* �

B �
�

�

�

�

?

�

�

�

�

�

?

�

�

( *-, �C�7�

�

�

�

� ������� �� 
!

�

���

��� � �8�

���

��� �

�

�




'

� �

?

�

�

11�	�

�8�

���

��� �

�

�




"

�

�

�

(36)

Usingpartialfractionexpansion,we canwrite

�

�

���

��� � �

���

���

�

�




'

���

?

�

�

1��	�

�

���

���

�

�




"

�

�

�

?

���

���

�

�




'

�

?

�

�

0

1��	�

�

1

���

���

�

�




"

�

���

���

���

The term
�

'

� �����

�

�

�

'

is theonly onethatcontributesto the integral in (36) (theothertermsintegrateto zero

sincethepolesareoutsidethecontourof integration),andsoweonly needto calculate�

?

�

?

�

�

�

���

� � ���

?

�

�

1��	�

�

���

���

�

�




"

�

�

�

�

�

�

�������

�

�

�

'

(37)

�

�

�




'

�

?

�

�

1��	�

�

�




'

�

�




"

�

(38)

and

�

�

* �

B � �

�

�

�
?

�

�

( *-, �C�7�

�

�

?

�

�

�

�

?

�

�

� ������� �  !

�




'

�

�

���

��� �

�

�

(39)

�

�

�

�
?

( *-,��C�7�

�

?

�

?

�

�

�

�

�

!
 

�

' (40)

This representstheprobability �

�

� �����

1

�

9
�

�

� (

Thus,theCDFof theSINRis givenby

� �

�

�
� �

�

�

�

�

?

(+*-,��C�7�

�

?

�

?

�

�

�

�

�

!
 

�

'

Or, uponreplacing�

? by its valueobtainedin (38),

� �

�

�$�=�

�

�

=��

'��
	

� �

�

�

�

?

�

?

�

�

11�	�




"




'

�

�




"

�




'

�

�

�

�

!
 

�

' (41)

Wewould like to emphasizethattheeigenvaluesof � ,
�

1
; arefunctionsof

�

(

5.2.2 Probability DensityFunction of SINR

To ®nd the pdf of the SINR, we simply evaluatethe derivative
�

�

�

�

�

�

�

(

To do this, we ®rst needto ®nd the
derivative of theeigenvalues

��


"

�

�

(

Solet 
J1 betheeigenvectorassociatedwith
�

1 . Then,wecanwrite
�

1

�

�


J1

�

=




�




H

1

%

��� =

�

8

9

8

H

9

�

�

0

	��

� 9

8

	

8

H

	

�

%

��� =


J1

whereweusedthenotation
�


 1

�

=




�



H

1

�


J1 . Wecanusethis to show that
�

�

1

�

�

�

�


J1

�

=

� (42)

10



where�

�

%

��� =

�

8

9

8

H

9

�

6 �

%

��� =

(

Wecanin turnusethis resultto show that

�

�

�

�

�

1

�

?

�

�

�

1 �

�

?

� �

�

�

=

?

�


>1

�

=

�

�

�

=

1

�


>?

�

=

�

�

=

�

�

1 �

�

?

�

=

(43)

where ?

�

%

��� =

8

9

8

H

9

%

��� =

(

¿From(41)–(43),wecanshow thattheSINRpdf is givenby

�

�

�

�4�

�

=��

' � 	

� �

�

�

�

�

�

!  

�

'

�

?

�

�

1��	�




"




'

�

�




"

�




'

���

�

�����

'

�

�	




'

�

�


 ?

�

=

�

� �

?

1��	�

�




"




�

'

���

"

�

�	

�




�

"

���

'

�

�	

�

�




"

�




'

� 
 (44)

5.2.3 ScalingLaw of the Maximum SINR

Lemma 2. Let
� �

�

�

denotetheCDF of
�������

1

�

9 givenby(41)andlet
�

�

�

�

denotetheassociatedpdf (given
by (44)). Then

���

�

��


�

�

�

� �

�

�

�

�

�

�

�

�

�

8

9

�

=

�

�

�

Proof: From(41)and(44),we canwrite
�

�

���

�

�

�

�

�

�

�

�

?

�

�

���

'

�

�
	




'

�

�


>?

�

=

�

� �

?

�

�

11�	�

�




"




�

'

���

"

�

�
	

�




�

"

���

'

�

�
	

�

�




"

�




'

�

(45)

Toevaluatethelimit of thisexpression,weneedto investigatethebehavior of theeigenvaluesandeigenvectors
of � as

�

� �/(

Now from thebound(35),wededucethat

���

�

��


�

�

1

�

�

�

for all 3��

�




We now have to evaluatethebehavior of themaximumof eigenvalueas
�

tendsto in®nity. This is done
by usingtheRayleighquotientfor themaximumeigenvalueas,

�

?

�

� ���

�����

�

�	�




H

�


 �

� ���

�����

�

�	�




H

�

%

��� =

8

9

8

H

9

%

��� =

�

�

%

��� =

0

9

�

� 1

8

1

8

H

1

��


(46)

Thevector



thatmaximizes
�

? is theassociatedeigenvector. Sinceany vector



of dimension
�

canbe
writtenas


 �

�

?

11�	�

�

1

%

�

��� =

8

1

, wecanwrite
�

�




�

= as

�

�




�

=

� 


H

�


 � 


H�� �

�

9

%

��� =

8

9

�

�

0

1

�

� 9

�

1

%

��� =

8

1�� �

�

�

=

9

�

�

0

1

�

� 9

�

=

1

(47)

wherewe usedthe fact that the 8

1

's areorthonormalvectors. Now as
�

tendsto in®nity,
�

�




�

= could go
to �

�

andis maximizedwhen �

1

�

� 9

�

=

1

is equalto zero(i.e., �

1

� B

for 3��

�


 andasa result �

9

�

�

�

� ��� �

�

!

�

� ). Wehave thusprovedthat

���

�

��


�


>?

� �"�

�

��


�


 �

%

�

��� =

8

9

#

�

8

9

�

=

�

�

�

(48)

and
���

�

��


�

�

?

�

�

�

8

9

�

=

�

�

�
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Usingtheabove, it is easyto verify that

�"�

�

��


�

�

�

1

�

=

?

�


J1

�

=

�

�

�

�

1 �

�

?

�

� B

and
���

�

��


�

�

�

�

1

�

=

1

�


 ?

�

=

�

�

�

�

1 �

�

?

�

� ���

�

��


�

�

�

1

�


 ?

�

=

�

�

�

�

1 �

�

?

�

� B

¿From(48)andthede®ningexpressionof � ; wealsodeducethat

���

�

��


�

�


>?

�

=

�

�

�

�

8

9

�

=

�

�

�

8

H

9

�

8

9

8

H

9

�

6 �

8

9

� B

Thus,theonly nonzerolimit in thedenominatorof (45) is �

�����

�

�

�	




'

and

���

�

��


�

�

�

� �

�

�

�

�

�

�

�

�

=

?

�

�

�


-9

�

=

�

�

�

�

8

9

�

=

�

�

�
(49)

Notethatin theabsenceof spatialcorrelation,%

� 6

; andtheabove limit reducesto

���

�

��


�

�

�

� �

�

�

�

�

�

�

�

�

�

8

9

�

=

�
�

which is thescalingobtainedin [24].
Usingextremevaluetheory, andthelemmaabove,weknow that

� ���

�

#

1

#

�

� �����

1

�

9 behaveslike
�

� �
�

�

�

!

�

�

���
	!�4(

Uponsubstitutingthis in (19) andnotingthatthe 8 's areidenticallydistributed,wecanwrite

�
� � �

�

?

0

9 �	�

D

�

�

���
	 . �!�

�

�

�

8

9

�

=

�

�

�

� �
	$�������C���
	����
	
� �

2

��� �����

�

?

0

9 �	�

D

�

�

���
	
.

�

�

�

8

9

�

=

�

�

�

���
	$�

2

���������

� �����
	!� �
	
���������
	

�

�

���

D

�

�

���
	4.

�

�

8

9

�

=

�

�

�

2

��������� (

(50)

It thusremainsto calculatetheexpectationin (50) for whichweneedto derive theCDFof �

� �
�

�

�

!

�

�

(

5.2.4 Calculating the CDF of �

��� �

�

!

�

�

Lemma 3. TheCDF of �

�

�

��� �

�

!

�

� is givenby

�

�

�

�
�

�

�

�

�

��� �

�

!

�

�

�

�

�4�=�

� �

1��

1

�

�

�

�

�




"

�

�

�

�

?

�

�




�

�

�

�




"

�

�

�

�

where
�

1

�

�

���	�




"

�

�

�

���

!�


�

�

�

"

�

!�


�

(

12



Proof: Considertheinequality
�

�

�

�

8

�

=

�

�

�

�

�

whichcanbeequivalentlywrittenas
�

�

�

�

8

�

=

�

�

�

�

B (

As wedid to derive theSINRCDFabove,weusethe
unit-steprepresentation


 ���

�

�

�

8

�

=

�

�

�

�
�

�

�

�

�

�

�

�

� �

��� �

�

!

�

�

� � ���

�

���

�

�

���

�

���

�

�

�

�

Now thepdf of 8 is
�

�

8

�
���

� �=�

� ?

�

�

�

8

�

=

�

���

Alternatively, following theapproachof [5], wecanuseanintegral representationfor theDiracdelta

�

�

8

�
���

� � �

�

?

�

�

�

�

�

�

=

�

� �

�

�

��� �

�

�

�

�

Sotheprobability �

�

�

�����

�

!

�

�

�

�

�
�

�

���

�

�

�

8

�

=

�

�

�

�

B �

is givenby

�

�

�

�

8

�

=

�

�

�

�

�

� �
�

� �=�

�

�

?

�

=

� �

�

�

� �

�

=

� �

8

�

� � �

�

���

�

� �

�

� �

�����

�

!

�

�

�

�

� �

�

�

��� �
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or aftersomestraight-forwardcalculations,
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5.2.5 Calculating the sum-rate

Now all weneedto doto calculatethesum-ratein (50) is to computeD
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Thereforethesum-rateof beamformingcanbewrittenas,
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(55)

5.3 Sum-Rateof Deterministic Beamforming

Herewe considerthecasewherethebeamformingmatrix � is ®xedover all channeluses.In this case,we
canusethe sameanalysisaswe donein the caseof randombeamformingwith the only exceptionthat we
do not needto take expectationover thebeamformingmatrix. Therefore,we maywrite thesum-ratefor the
deterministicbeamformingmatrix � as,
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(56)

where
�

H

%

�

�

�

is theeigenvaluedecompositionof thecorrelationmatrix
� �

� .
Oneinterestingspacialcasewouldbethecasewherethe

�

891 's arethecolumnsof theidentitymatrix. In
this case,thebeamformingmatrix is in factequalto

�

H andtheargumentin the logarithmwould therefore
reduceto

�

9 . Thus,when
�

is large,thesum-rateis givenby
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(57)
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Keepingin mindthattheeigenvaluesof % aresuchthat �

?

1��	�

�

1

�

%

�
� �

, it is clearthatthegeometricmean
of

�

1 's would belessthan
�

. Eq. (57) in factprovesLemma1. It shouldbealsomentionedthatthis resultis
obtainedin [19] for

� � �

.

5.4 Sum-Rateof RandomBeamforming with Precoding

We canconsidera generalizationof the randombeamformingby usingprecoding.In this schemethe new
beamformingmatrix is 5

���

�

��� =

� where � is a positive de®nitematrix and � is just a normalizationfactor
to adjustthetransmitpower. Againsimilar to Section5.2,wecanstatethat � hasto belessthan ?

���

��


�

�

� .
In orderto analyzethe sum-rate,we canfollow alongthe sameline aswhat we did for the analysisof

therandombeamformingwith theonly exceptionthat thecovariancematrix of thechannelis replacedwith
� �

�

�

H

� =

�

�
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��� = . Thereforethesameresultholdsfor thiscasewith thenew covariancematrix
$�

. Hereis
themainresult.

Corollary 1. Consideringtherandombeamformingschedulingwith beamformingmatrix 5
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��� =

� where
� is a randomunitarymatrix, thesum-rateof thisschemecanbewrittenas
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(58)

for large
�

, where
�

H

%

�

�

�

representstheeigenvaluedecompositionof
� �

� .

6 Simulation Results

In this sectionwe presentthesimulationresultsfor thesum-rateof beamformingschemesandDPC.In the
®rst example,we considera systemwith two transmitantennas,i.e.,

� � �

, and100users.Thecovariance
matrix is assumedto belike

� ���

�

�

�

��� (59)

where � is thecorrelation.Fig. 1 shows thesum-rateloss(comparedto thecaseof no correlation)for DPC,
RBF andRBF with whitening. It is clearthatRBF outperformstheonewith channelwhitening. Fig. 2 also
shows thesum-ratefor asystemswith threetransmitantennas,i.e.,

���
	

, with covariancematrix,

� ��� 


�

� �

=

�

�

�

�

=

�

��� �

(60)

where� is changingfrom 0 to 0.8. In Fig. 3, weshow thesum-rateversusthenumberof usersin systemwith
� � �

, �

� B (��

, �

� �>B

for beamformingschemeandit is comparedto thecaseof having no correlation.
In Fig. 4, we show thesum-rateversusthenumberof usersin systemwith

� � �

, �

���

, �

� �>B

for
beamformingschemeandit is comparedto thecaseof having no correlation.

7 Conclusion

This paperconsidersthe effect of spatialcorrelationon variousmultiuserschedulingschemesfor MIMO
broadcastchannels.Speci®cally, we considereddirty papercodingandvarious(random,deterministic,and
channelwhitening)beamformingschemes.Whenthechannelis i.i.d. andfor largenumberof users,thesum
rateof all thesetechniquesexhibits thesamescaling,namely, as

�����
	����
	$� � �����
	

�

?

���������

where
�

is
thenumberof users,

�

is thenumberof transmitantennasand � is theaverageSNR.
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In the presenceof a correlationbetweentransmitantennas,the channelmatrix hasa covariancema-
trix

�

which is assumedto be non-singularand
+

�

�C�7�����

. In this case,the sum-rateof DPC and
beamformingschemeswill be different. It turns out that in thesecase,the sum-ratecan be written as

�����
	!���
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�
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�������
	$# � � �����

where
#

�

�

is a constantthat only dependson the scheduling
schemeandthe covariancematrix

�

. For DPC,
#

is just the geometricmeanof the eigenvaluesof
�

. We
furtherobtain

#

for differentbeamformingschemes;For example,for thecaseof beamformingwith channel
whitening,

#

will be equalto the harmonicmeanof the eigenvaluesof
�

. It is worth mentioning,numeri-
cal resultssuggestthatsum-rateof randombeamformingoutperformsthatof therandombeamformingwith
channelwhitening.
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