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Abstract

In this note we consider the following problem. Suppose a set of sensorsis jointly trying to estimate a process.One sensor
takesa measurement at every time step and the measurements are then exchanged among all the sensors.What is the sensor
schedule that results in the minim um error covariance? We describe a stochastic sensor selection strategy that is easy to
implement and is computationally tractable. The problem described above comesup in many domains out of which we discuss
two. In the sensorselection problem, there are multiple sensorsthat cannot operate simultaneously (e.g., sonars in the same
frequency band). Thus measurements need to be scheduled. In the sensorcoverageproblem, a geographical area needsto be
covered by mobile sensorseach with limited range. Thus from every position, the sensorsobtain a di�eren t view-point of the
area and the sensorsneed to optimize their tra jectories. The algorithm is applied to these problems and illustrated through
simple examples.
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1 In tro duction and Motiv ation

Recently there has beena lot of interest in networks of
sensingagents which act cooperatively to obtain the best
estimatepossible,e.g.,see(Roumeliotis and Bekey2002,
Hall and Llinas 1997,Viswanathan and Varshney1997)
and the referencestherein. While such a schemeadmit-
tedly hashigher complexity than the strategy of treating
each sensorindependently , the increasedaccuracyoften
makes it worthwhile. If all the sensorsexchange their
measurements, the resulting estimatecanbebetter even
than the sensorwith the least measurement noise(were
no information exchangehappening). Works such asthe
EYES project (Karl 2002), WINS (Estrin et al. 1999),
and Smart Dust (Kahn et al. 1999),are examplesof sys-
tems implementing such networks. In addition, sensor
network ideas are also being used for ful�lling speci�c
tasks like reconnaissance,surveillance, data gathering
and soon (Weisbinet al. 1999,Rybski et al. 2000,Curtin
et al. 1993).
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Somespecial issuesin sensornetworks from an estima-
tion perspective are fusion of data emergingfrom multi-
ple nodes,association of measurements with targets in
casemultiple targets are present, scheduling in caseall
sensorscannot take or transmit simultaneous measure-
ments, optimal positioning of sensorsand so on. In this
note, we present an algorithm to solve the problem of
sensorscheduling. In addition, the algorithm canalsobe
extended for use in the problem of optimal positioning
and tra jectory generation.

The problem of sensorscheduling ariseswhen one (or
multiple) sensorshave to beselectedout of N given sen-
sorsat every time step. This might be the caseif, e.g.,
there are echo-basedsensorslike sonarswhich can inter-
fere with each other. If the sensorsobserve a schedule
and thus minimise simultaneous(and henceinterfering)
measurements, the total sensorpower consumption can
alsobereduced.Another situation wheresensorschedul-
ing is useful is in tracking and discrimination problems,
wherea radar canmakedi�eren t typesof measurements
by transmitting a suitable waveform each of which has
a di�eren t power requirement. There might be shared
communication resources(e.g., broadcast channelsor a
sharedcommunication bus) that constrain the usageof
many sensorsat the sametime. Such a situation arises,
e.g., in telemetry-data aerospacesystems.Becauseof its
importance, this problem has received considerableat-



tention in literature. The seminalwork of (I I I et al. 1967)
showed that for linear plants and quadratic cost func-
tions, a separation property holds betweenthe optimal
plant control policy and the measurement control pol-
icy. The measurement control problem, which is the sen-
sor scheduling problem, was cast as a non-linear deter-
ministic control problem and shown to be solvable by
a tree-search in general. That work proposed forward
dynamic programming and a gradient method for solu-
tion. To dealwith the complexity of a tree-search, greedy
algorithms have been proposed many times, some ex-
amplesbeing the works of (Oshman 1994,Kagami and
Ishikawa 2004,Gupta et al. 2004). Allied contributions
havedealt with robust sensorscheduling (A. Savkin and
R. Evansand E. Ska�das 2000),a greedyalgorithm with
an information basedcost measure(Zhao et al. 2002),
a numerical method for obtaining sub-optimal sched-
ules with error bounds (Alriksson and Rantzer 2005)
and include the works of (Miller and Runggaldier 1997,
Krishnamurthy 2002,Rago et al. 1996) etc. A di�eren t
numerical approach to solve the problem was provided
in (Athans 1972) where the problem was cast as a two-
point boundary value problem. The non-linear matrix
di�eren tial equationsthus obtained weresolved numer-
ically by a min-H technique. Theseideaswereextended
to discrete-time systemsin (Kerr 1981-82)and the two
point boundary valueproblemwasconverted to an initial
value problem in (Kerr and Oshman 1995). In (Herring
and Melsa 1974), the technique was generalizedto con-
sider multiple devicesbeing chosenat the sametime.

Our algorithm di�ers from theseapproachesin that it is
basedon the idea of letting the sensorsswitch randomly
according to some optimal probabilit y distribution to
obtain the bestexpected steady-stateperformance.1 Be-
sidesbeing numerically more tractable than tree-search
basedand similar solutions proposedin the literature, it
doesnot rely on the sensorshaving considerablecompu-
tational power or knowledgeabout other sensors.There
are numerous other advantages as will be pointed out
later. Our algorithm can also be applied to the prob-
lem of sensortra jectory generation for optimal cover-
ageof an area.This problem ariseswhen there are some
speci�ed number of mobile sensorsthat can each sense
over a limited region but together they must monitor a
given area. The problem of optimal sensorlocation in
casethere are no bounds on the range over which the
sensorscan senseleads to the problem of Voronoi par-
titioning of the spaceand has been solved both in a
centralized framework (Okabe et al. 2000, Okabe and
Suzuki 1997,Du et al. 1999)and in a decentralized fash-
ion (Cortes et al. 2004). The problem when there are
range (or direction) limitations on the sensorshas also
been looked at in the literature. However most of the
approaches that have been proposedare very applica-

1 As is made clear later, for computational ease,we actu-
ally minimize an upper bound on the expected steady-state
performance.

tion speci�c (Mori 1990,Nakamoto et al. 1997,Heng et
al. 1997).The generalproblem of determining the opti-
mal tra jectory canagainbecastasa tree search problem
and greedyapproacheshave often beenproposed(Basir
and Shen 1995, Mukai and Ishikawa 1996, Chung et
al. 2004). We can again obtain many advantages over
such algorithms by using our method.

The paper is organized as follows. In the next section,
we state our assumptionsand set up the problem. Then
we present our random sensorselection algorithm and
brie
y analyzeit. We illustrate the algorithm and some
of its advantagesusing somesimple simulations. We �n-
ish with conclusionsand avenuesfor future research.

2 Mo deling and Problem Form ulation

Considera systemevolving according to the equation

x[k + 1] = Ax [k] + B w[k]: (1)

x[k] 2 R n is the processstate at time step k and w[k]
is the processnoise assumedwhite, Gaussianand zero
meanwith covariancematrix Q. The initial state x[0] is
assumedto be a Gaussianzero mean random variable
with covariance� 0. The processstate is being observed
by N sensorswith the measurement equation for the i -
th sensorbeing

yi [k] = Ci x[k] + vi [k]; (2)

whereyi [k] 2 R m is the measurement. The measurement
noisesvi [k]'s for the sensorsare assumedindependent of
each other and of the processnoise. Further the noise
vi [k] is assumedto be white, Gaussianand zero mean
with covariancematrix R i . At every time step,onesensor
takesa measurement which is then communicated to all
the sensors(or a data sink) in an error-freemanner.The
assumptionof onesensorper time step is without lossof
generality. Sinceall the measurements are being shared,
all sensorshave the sameestimate of the processstate
x[k], denoted by x̂[k]. Further the optimal estimate is
givenby a Kalman �lter assuminga time-varying sensor.
Assuming that the i -th sensortakes the measurement
at time step k, the covarianceof the estimate error P[k]
evolvesaccording to the Riccati recursion

P[k + 1] = AP [k]AT + B QB T �

AP [k]CT
i

�
Ci P[k]CT

i + Ri
� � 1

Ci P[k]AT ; (3)

with the initial condition given by P[0] = � 0.

It is obvious from (3) that error covariance is a func-
tion of the sensorschedule. We wish to �nd the sensor
schedule that minimizes the steady state error covari-
ance.We can represent all the possiblesensorschedule
choicesby a tree structure. The depth of any node in
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the tree represents time instants with the root at time
zero. The branchescorrespond to choosing a particular
sensorto be active at that time instant. Thus, the path
from the root to any nodeat depth d represents a partic-
ular sensorschedulechoicefor time steps0 to d. We can
associate with each node the cost function evaluated us-
ing the sensorschedule corresponding to the path from
the root to that node.Obviously, �nding the optimal se-
quencerequires traversing all the paths from the root
to the leaves in the tree. If the leavesare at a depth � ,
a total of N � schedulesneedto be compared.This pro-
ceduremight placetoo high a demandon the computa-
tional and memory resourcesof the system. In the next
section, we present an alternativ e algorithm that does
not involve traversing the tree.

The problem of optimal sensortra jectory generationcan
also be cast in the above framework. For simplicit y, as-
sumethat only one sensoris present. We discretize the
area to be covered into a grid and assumethat the dis-
cretization is �ne enoughsothat weonly needto observe
the evolution of the processat these points. In other
words,sampling the underlying processat thesediscrete
points is su�cien t to cover the entire area.Wemodel the
limited sensingrangeby assuming(for example) that if
the sensoris at a particular point, it generatesmeasure-
ments corresponding to that point only. As a simple ex-
ample consider that the area to be monitored has been
discretized into N points, denoted by l1, l2, � � � , ln . At
location l i , the processevolvesaccordingto the equation

x i [k + 1] = A i x i [k] +
X

j 6= i

A ij x j [k] + B i wi [k];

wherewehaveassumedthat the processstate at location
l i is alsoa�ected by the processstatesat other locations.
Thusby stacking the processstatesat all theselocations
into asinglevectorx[k], weseethat for the entire process,
the evolution is of the form givenin (1). Similarly assume
that if the sensoris at location l i , its measurement is
described by the equation

yi [k] = H i x i [k] + vi [k]:

By de�ning Ci suitably, this can easily be recast in the
form of (2). Clearly there are N such virtual sensors.
Thus weseethat the sensortra jectory problem is equiv-
alent to the sensorscheduling problem described earlier
where N sensorsare present but only one can be se-
lected to take the measurement. We can model physi-
cal constraints on the sensormotion by assumingthat
the sensorcan move from its current location only to
its immediate neighbors. In the tree approach described
earlier, it imposessomeconstraints on the branches of
the tree that can be present. In our algorithm, this con-
straint can be modeled by assuming that the sensors
are selectedwith transition probabilities described by a
Markov chain. The statesof the Markov chain represent

the location of the sensor.Thusthe probabilit y of moving
from onelocation to a location far away in a single time
step is zero. Someof the results in this paper were also
discussedfor the special casewhen A is block-diagonal
(the systemdynamicsat di�eren t points are uncoupled)
in (Tiw ari et al. 2005).

3 Description of the Algorithm

Our algorithm consistsof choosingsensorsrandomly ac-
cording to someprobabilit y distribution. The probabil-
it y distribution is chosensoasto minimize the expected
steady state error covariance.Note that we can not cal-
culate the exact value of the error covariancesincethat
will dependon the speci�c sensorschedulechosen.Hence
we optimize the expected value of the error covariance.
For obtaining the expected value given any particular
probabilit y distribution, weproceedasfollows.Consider
a sensorthat sensesa processof form (1) according to
the relation

y[k] = Cx[k] + v[k];
where the noisev[k] has covariance matrix R. Then we
de�ne

f C (P) = AP AT + B QB T

� AP CT �
CPCT + R

� � 1
CPAT

f k
C (P) = f C (f C (� � � (f C (P)) ))

| {z }
f C applied k times

:

Thus the error covariance of the estimate at time step
k + 1 if Kalman �lter is being used is given by f C (P),
whereP is the error covarianceat time stepk. Wewould
needthe following properties of this operator.

Lemma 1 f C (P) is concavein P provided P is positive
semi-de�nite and R is positive de�nite.

PR OOF. Proof followsreadily from the fact (Boyd and
Vandenberghe2003) that a function f (x) is concave in
x if and only if f (x0 + th) is concave in the scalar t for
all x0 and h.

Lemma 2 Let X and Y be two positive semi-de�nite
matrices. If X < Y , then f C (X ) < f C (Y ): Moreover,
for any C and for any positive semi-de�nite matrix X ,
f C (X ) � B QB T .

PR OOF. Following (Sinopoli et al. 2004), intro duce

� (K ; X ) = B QB T + (A + K C) X (A + K C)T + K RK T ;

and note that

K = � AX CT �
CX CT + R

� � 1 �= K X
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minimizes � (K ; X ). Moreover � (K X ; X ) = f C (X ):
Also note that � (K ; X ) is an increasingfunction in the
secondargument. Thus, we seethat

� (K X ; X ) � � (K Y ; X ) � � (K Y ; Y ) :

This provesthe �rst part of the lemma. For the second
part, note that

f C (X ) = � (K X ; X ) � � (K X ; 0) = B QB T :

Considerthe time-varying Kalman �lter recursiongiven
in (3) for the systemgiven by (1). Supposethat the sen-
sorat every time stepk is chosenfrom amongthe choices
S1,S2,: : : ,SN with the probabilit y of Si being chosenat
time step k being � k

i . The associated sensormeasure-
ment matrix is Ci and the noisecovariancematrix is R i .
To begin with, assumethat the choice is done indepen-
dently at each time step. Denoting the choice at time
step k by C[k] and R[k], the evolution of the error co-
variance for any sensorcan be written as

P[k + 1] = f C [k ](P[k]);

with P[0] as the initial condition. Note that the error
covariance P[k + 1] is random since it depends on the
particular sequenceof chosenSi 's (0 � i � k). We look
at its expectedvalueand try to evaluate the expectation
in the limit ask ! 1 . Thus we are interested in

E [P[k + 1]] = E
�
f C [k ](P[k])

�
(4)

Explicitly evaluating this expectation appearsto be in-
tractable. We look instead for an upper bound. We have
the following result.

Theorem 3 (Upp er Bound and its Con vergence)
Let there be N sensorsout of which one sensor is ran-
domly chosenper time step for taking measurements. If
the i -th sensor is chosenat time step k with probability
� k

i independently at each time step, then the expected
error covariance of the estimate is upper bounded by
�[ k + 1] where �[ k] is given by the recursion

�[ k + 1] = B QB T + A�[ k]AT �
NX

i =1

� k
i

h
A�[ k]CT

i (Ri + Ci �[ k]CT
i ) � 1Ci �[ k]AT

i
; (5)

with the initial condition �[0] = P[0]. Further suppose
that the sensor probabilities � k

i tend to constants qi as
k ! 1 . If there exist matrices K 1, K 2, � � � , K N and a
positive de�nite matrix P suchthat

P > B QB T +
NX

i =1

qi

�
(A + K i Ci ) X (A + K i Ci )

T + K i Ri K T
i

�
;

then the iteration in (5) convergesfor all initial condi-
tions P[0] � 0 and the limit �P is the unique positive
semi-de�nite solution of the equation

X = B QB T + AX AT �
NX

i =1

qi A
�
X CT

i (Ri + Ci X CT
i ) � 1Ci X

�
AT : (6)

PR OOF. First note that the quantities P[k] and C[k]
are independent. Thus we can explicitly take the expec-
tation in (4) with respect to the probabilit y distribution
of C[k] and write

E [P[k + 1]] =
NX

i =1

� k
i E

h
f C i (P[k])

i
;

where the expectation on the right hand side is now
over C[0]; : : : ; C[k � 1]: Now we useJensen'sinequality
(see,e.g.,(Gradshteyn and Ryzhik 2000)) on account of
Lemma 1.. Thus we immediately obtain

E [P[k + 1]] =
NX

i =1

� k
i E

h
f C i (P[k])

i

�
NX

i =1

� k
i f C i (E [P[k]]) (7)

Sincef C i (:) is an increasingoperator, we obtain the re-
quired upper bound. For the convergence,proof is simi-
lar to the oneof Theorem 1 in (Sinopoli et al. 2004).We
rede�ne the quantities

L (Y ) =
NX

i =1

qi (A + K i Ci ) Y (A + K i Ci )
T

� (K i ; P) = B QB T

+
NX

i =1

qi

�
(A + K i Ci ) X (A + K i Ci )

T + K i Ri K T
i

�

and follow the arguments given in that proof.

The convergenceof the upper bound implies bounded-
nessof the recursion in (4). As an example, if all eigen-
values of A are strictly less than unit y in magnitude,
we can always �nd matrices K i 's and P satisfying the
above conditions by choosing K i 's as the zero matrices
and P as2 �P where �P is the positive de�nite solution of
the Lyapunov equation

�P = A �PAT + B QB T :
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ThusaslongasA isstable,the recursionin (7) converges.
The casewhen A is stable (and thus the processto be
estimated doesnot grow unbounded) is very important
in a largenumber of practical applications of estimation.

The algorithm thus consistsof choosingqi 's soasto op-
timize the upper bound as a meansof optimizing the
expectedsteady state value of Pk itself. The problem is
solved under the constraint of probabilities being non-
negative and summing up to 1. The optimization prob-
lem canbesolvedby a gradient search algorithm or even
by brute force search for a reasonablevalue of N . Af-
ter determining the probabilit y values, the sensorsare
turned on and o� with their corresponding probabilities.
Note that the implementation doesassumesomeshared
randomnessand synchronization among the sensorsso
that two sensorsare not turned on at the same time.
This can readily be achieved, e.g., through a common
seedfor a pseudo-randomnumber generatoravailable to
all the sensors.Alternativ ely a token-basedmechanism
for the schemecan be implemented. Also note that the
algorithm is run o�-line and it has to be re-applied ev-
erytime the number of sensorschanges.However, if a
sensoris stochastically failing with a known probabilit y,
we can model that in the algorithm.

For the caseswhen A is not stable, we needto �nd out
if (4) diverges.We now obtain a lower bound for the
recursion. If the lower bound doesnot converge, it will
imply the non-convergenceof the expectedsteady state
error covariance.We note the following result.

Theorem 4 (Lo wer Bound and its Con vergence)
Supposethere are N sensorsout of which one sensoris
randomly chosenper time step for taking measurements
and the i -th sensoris chosenwith probability � k

i at time
stepk independently at each time step. De�ne

�� k ;t
j = � k

j � k � 1
j � � � � k � t +1

j :

Then theexpected error covarianceof theestimateat time
step k is lower bounded by X [k] where X [k] is obtained
from the equation

X [k] = �� k � 1;k
j f k

C j
(P[0]) +

�
1 � � k � 1

j

�
B QB T +

�� k � 1;1
j

�
1 � � k � 2

j

�
f C j

�
B QB T �

+

�� k � 1;2
j

�
1 � � k � 3

j

�
f 2

C j

�
B QB T �

+ � � � + �� k � 1;k � 1
j

�
1 � � 0

j

�
f k � 1

C j

�
B QB T �

; (8)

where P[0] is the initial error covariance used in calcu-
lating the expected error covariance through (4). Note
that one such lower bound results for each value of j =
1; � � � ; N : Further, suppose that the sensorprobabilities
� k

i tend to constants qi as k ! 1 . Then the condition
for X [k] given in (8) to stay bounded as k ! 1 is

qj j� max
� �A j

�
j2 � 1; (9)

where qj is the probability of choosing the j -th sen-
sor while � max

� �A j
�

refers to the eigenvaluewith the
maximum magnitude of the unobservablepart of A
when the pair (A; Cj ) is put in the observablecanonical
form (Dullerud and Paganini 2000).

PR OOF. The event spacefor the sensorschedule till
time step k � 1 (which determinesthe value of P[k]) can
be partitioned into k + 1 disjoint events E i of the form:
sensorSj was chosenconsecutively for the last i time
stepsand in the time step just before that, Sj was not
chosen,0 � i � k. Thus the expected error covariance
is given by

E [P[k]] =
kX

i =0

p(E i )V (E i ) ;

wherep(E i ) refersto the probabilit y of E i occurring and
V (E i ) refers to the value of error covariance under the
event E i . Now considerthe i -th term in the summation,
where i < k. Note that

(1) When the sensorSj is chosenat time step m, the
error covariance at the time step m + 1 is given
by f C j (�) where � was the error covarianceat the
present time step.

(2) When any other sensoris chosenthe corresponding
error covarianceat time stepm+ 1 is lower bounded
by B QB T . Moreover if, then, at time step m + 1,
the j -th sensoris chosen, the error covariance at
time step m + 2 is lower boundedby f C j (B QB T ).

By combining thesetwo facts, we seethat

V (E i ) � f i
C j

�
B QB T �

:

Thus we obtain

p(E i )V (E i ) � �� k � 1;i
j

�
1 � � k � 1� i

j

�
f i

C j

�
B QB T �

:

For the term Ek , from the de�nition we obtain

p(Ek )V (Ek ) = �� k � 1;k
j f k

C j
(P[0]) :

By adding together the terms p(E i )V (E i ), we obtain
that X [k] asgiven in (8) is indeeda lower bound for the
expectederror covariance.

For the purposeof studying the boundednessof estima-
tion error, wewill denotethe sensorusedfor the calcula-
tion in (8), Cj , by C. Note that we can assumewithout
lossof generality that the pair (A; C) is in the observer
canonical form (If not, an invertible linear transforma-
tion can convert it to the companion form. This trans-
formation will not a�ect the boundednessof estimation
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error.). Denote the matrices in the form

A =

"
�A11 0
�A21 �A22

#

C =
h

�C1 0
i

:

Denote by e[k] the error in estimating x[k]. Split e[k]
in accordancewith the observer canonical form so that
with a suitable choice of the Kalman �lter gain matrix
K [k], the error evolvesas

e[k + 1] = (A � K [k]C) e[k] + B w[k] + K [k]v[k];

where

e[k] =

"
e1[k]

e2[k]

#

K [k] =

"
K 1[k]

K 2[k]

#

;

e1[k] corresponds to the observable part of the system
and e2[k] to the unobservable part. Denote

P[k] =

"
E

�
e1[k]e1[k]T

�
E

�
e1[k]e2[k]T

�

E
�
e2[k]e1[k]T

�
E

�
e2[k]e2[k]T

�

#

=

"
P11[k] P12[k]

P21[k] P22[k]

#

:

Since e1[k] corresponds to the observable part of the
system,P11[k] remainsbounded.P22[k] evolvesas

P22[k + 1] = �A22P22[k] �AT
22 + �[ k];

where�[ k] dependson noiseterms, P11[k] and P12[k] but
not on P22[k]. Note that �[ k] remains bounded as k !
1 if P11[k] and P22[k] remain bounded. Now for time-
invariant probabilities of sensorusage,the i -th term of
the lower bound in (8) is of the form

Ti = qi � 1
j (1 � qj )f i � 1

C j

�
B QB T �

:

Becauseof the observabilit y assumption, the Riccati re-
cursionfor the observation error covariancematrix when
only sensorj is usedwill convergeto a constant value ir-
respectiveof the initial condition. Thus for largeenough
i , f i � 1

C j

�
B QB T

�
= P [i � 1] and the i -th term can be

rewritten as

Ti = qi � 1
j (1 � qj )P[i � 1]:

Thus X [k] is obtained through a summation of the form

X [k] =
k � 1X

i =0

qi � 1
j (1 � qj )P[i � 1]

=

" P k � 1
i =0 
 [i ]P11[i � 1]

P k � 1
i =0 
 [i ]P12[i � 1]

P k � 1
i =0 
 [i ]P21[i � 1]

P k � 1
i =0 
 [i ]P22[i � 1]

#

;

where 
 [i ] = qi � 1
j (1 � qj ): There are four terms here

whoseboundednessneedsto be considered.Now, as al-
ready stated, the (1; 1) term is bounded becauseof the
observabilit y assumption. The (2; 2) term is bounded if
and only if (9) holds. Also if both (1; 1) and (2; 2) terms
arebounded,the o�-diagonal terms of P[k] arebounded
by the Cauchy-Schwarz inequality.

Note that the bounds we have obtained can be special-
ized to caseswhen onesensorpertains to a data losssit-
uation similar to that consideredin (Sinopoli et al. 2004)
and (Liu and Goldsmith n.d.). If the sensorsare being
chosenaccording to a Markov chain, we can still obtain
upper and lower bounds in a similar form as the ones
discussedabove.Wegive the boundsbelow. The conver-
genceconditions can be derived in a similar way as be-
fore. Let [qij ] be the transition probabilit y matrix of the
Markov chain. Also let � j

k be the probabilit y of being in
Markov state j at time step k.

Theorem 5 If the sensors are chosen according to a
Markov chain, E [Pk ] is upper bounded by X k and lower-
bounded by Yk where

X k+1 =
NX

j =1

� j
k X j

k+1 ; � j
k X j

k+1 =
NX

i =1

f C j

�
X i

k

�
qij � i

k

Yk =
kX

i =1

qi � 1
j j

�
� j

k+1 � i � qj j � j
k � i

�
f i

C j

�
B QB T �

+ qk � 1
j j � j

0f k
C0

(P0) :

PR OOF. The proof of the lower bound is similar to the
one for the i.i.d. case.For the upper bound, let Ck = j
denotethat j -th sensorwaschosenat time step k. Then
E [Pk ] =

P
� j

k E [Pk jCk � 1 = j ] : Also

� j
k E [Pk+1 jCk = j ]

= � j
k

NX

i =1

E [Pk+1 jCk = j ; Ck � 1 = i ] Pr(Ck � 1 = i jCk = j )

=
NX

i =1

E
�
f C j (Pk )jCk � 1 = i

�
qij � i

k � 1

�
NX

i =1

f C j (E [Pk jCk � 1 = i ]) qij � i
k � 1:

Sincef C j (:) is an increasingoperator, we obtain the re-
quired bound. In the above derivation, we have usedthe
fact that f C j (Pk ) and Ck are conditionally independent
given Ck � 1.

6



4 Sim ulation Results

In this section, we apply our algorithm to a few sample
problems and show that the algorithm o�ers a new in-
teresting and powerful tool in several problems.Our �rst
example is in the domain of sensorscheduling. Assume
a vehicle moving in 2-D spaceaccording to the stan-
dard constant acceleration model.This model assumes
that the vehicle has constant accelerationequal to zero
except for a small perturbation. We assumethat the ve-
hicle movesin two dimensions.Denoting the position of
the vehicle in the two dimensionsby px and py , the ve-
locities by vx and vy and with a discretization stepsizeof
h, the dynamics of the vehicleare of the form (1) where

A =

2

6
6
6
6
6
4

1 0 h 0

0 1 0 h

0 0 1 0

0 0 0 1

3

7
7
7
7
7
5

B =

2

6
6
6
6
6
4

h2=2 0

0 h2=2

h 0

0 h

3

7
7
7
7
7
5

X =

2

6
6
6
6
6
4

px

py

vx

vy

3

7
7
7
7
7
5

:

The term w[k] is the perturbation term in acceleration
and is modeledasa zeromeanwhite Gaussiannoise.In
the numerical example, h = 0:2: The processnoise is
consideredto have covariancematrix Q given by

Q =

"
1 0:25

0:25 1

#

:

Weassumetwo sensorswith the measurements takenby
the two sensors,y1 and y2 being described by

yi [k] =

"
1 0 0 0

0 1 0 0

#

X [k] + vi [k]: (10)

The terms vi [k] model the measurement noise,again as-
sumedwhite, zeromeanand Gaussianand alsoindepen-
dent from each other and from w[k]. We considervalues
of the sensornoisecovariancesas

R1 =

"
2:4 0

0 0:4

#

R2 =

"
0:7 0

0 1:4

#

: (11)

The plot given in Figure 1 illustrates that choosingany
one sensorat all time steps is not optimal. The �gure
plots the cost measuredas the sum of the traces of the
error covariancematricesof the estimatesof the two sen-
sorswhen they adopt the strategy of choosingonly sen-
sor 1 or only sensor2 or when they choosean arbitrarily
generatedschedule over 50 time steps.For comparison,
the costachievableby the optimal sensorstrategy found
by a sliding window approach to the tree search (Gupta
et al. 2004) is also given. We seethat the even an arbi-
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Using only sensor 2

Using arbitrary switching schedule

Fig. 1. Sensorswitching helps to bring the cost down.

trary sensorswitching strategy can help to bring down
the cost.

Next we apply our random choicealgorithm to �nd the
optimal probabilit y distribution. On optimizing the up-
per bound in (6) over q1 and q2, the optimal probabilit y
for sensor1 turns out to beq1 = 0:395.Indeed,if we �nd
the optimal sequenceby a completetree search, it turns
out that in the steady state, the percentage of sensor1
in the sequenceis about 37%.For this probabilit y distri-
bution, the steadystate value of the upper bound of the
sum of the traces of the expected error covariance ma-
trices for the two sensorsturns out to be 2.3884,which
compareswell with the value of about 2.3 obtained by
the optimal strategy. Note that our algorithm results in
ordersof magnitude lesscalculation than tree search al-
gorithms and �nds a near-optimal schedulein the steady
state. The computational savings canbevery signi�cant
if we needto study the optimal sensorscheduleassome
sensorparameter is varied. As an example,let the mea-
surement noisecovarianceof the secondsensorbe given
by

R2 = �

"
0:7 0

0 1:4

#

:

Figure 2 plots the optimal percentage of useof sensor1,
asthe parameter� is varied. The plot showsthat there is
a threshold phenomenonsuch that increasingthe noise
of onesensorbeyond that level results in that particular
sensornever being used.The reduction in computation
neededmakesour algorithm much more scalablein the
number of sensorsthan the tree-basedalgorithms.

In addition, there are several unique advantages that
our algorithm o�ers over the conventional algorithms.
A very important one is the issueof sensorcosts. Fre-
quently , there are other considerationsbeyond estima-
tion accuracy in using one sensorover another. As an
example,it might be more costly to usea very accurate
sensorat every time step.Similarly, wemight want some
sort of fairnesssuch that one sensoris not usedall the
time such that all its power is drained. Usually, it is not
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Fig. 2. Optimal probabilit y of useof sensor1 assensor2 gets
noisier.

clear how to appropriately weight the sensorcostswith
estimation costs. Thus it is not clear how to even gen-
erate a tree for the sensorschedule choices.However it
is easyto take sensorcosts into account with our algo-
rithm. As an example we consider three sensorsof the
form of (10) being present with the measurement noise
covariancesbeing given by

R1 =

"
3:24 0

0 1:04

#

; R2 =

"
0:25 0

0 1:36

#

;

R3 =

"
0:56 0

0 0:56

#

:

Supposethe three sensorsare transmitting to a single
data sink sothat the only energyconsumption is in tak-
ing a measurement and then broadcasting it. If we try
to optimize the probabilit y distribution, we obtain that
sensor2 should be chosenwith a probabilit y of 0.2 and
sensor3 with a probabilit y of 0.8.However, such a strat-
egy would lead to sensor3 draining away all its power
very quickly and thus we might want to imposean addi-
tional constraint that on average,no sensoris usedmore
than twice as much as any other sensor.We restrict our
search to the relevant q1 � q2 spaceand comeup with
the optimal probabilities satisfying the additional con-
straint as sensor1 being usedwith a probabilit y of 0.2
and sensors2 and 3 being usedeach with a probabilit y
of 0.4.

Another situation in which our algorithm is much more
easily used is when there is somerandomnessimposed
on the system.As an example,considerthe caseof two
sensorswith measurement noisecovariancesgivenby the
values in (11). Supposethat the sensorsare communi-
cating with a data sink over a communication channel
that randomly drops packets with probabilit y � . Com-
pared to the conventional methods, it is easy to take
the channel into account while using our algorithm. We
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Fig. 3. Optimal probabilit y of use of sensor 1 varies if the
channel is dropping packets.
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Fig. 4. Bounds may not be very tigh t.

set up equation (5) assumingthat there are three sen-
sorspresent. The �rst two sensorshave covariance ma-
trices givenaboveand they arechosenwith probabilities
q1(1 � � ) and q2(1 � � ). The third sensorcorresponds
to the packet being dropped (and hence no measure-
ment being taken) and it is chosenwith a probabilit y of
(q1 + q2) � . Then we optimize this bound over the pa-
rameters q1 and q2. Figure 3 shows the change in the
optimal probabilit y of choosing sensor1 as the packet
drop probabilit y � is varied. The plot shows that the
packet drop probabilit y plays a big role in determining
the optimal sensorschedule.

The lower bound derived in Theorem 4 is useful for ob-
taining the region in the sensorusageprobabilit y space
where the expectederror covariance in (4) diverges.We
illustrate the lower bound with an example now. First
consider the samesystem as in (1) being measuredby
two sensorsof the form of (10). The measurement noise
covariancesare given by the values in (11). The upper
bound and the lower boundsare plotted in Figure 4. We
can seethat the lower bounds may not be very tight.
However the main utilit y of the lower bounds is in pre-
dicting when the expected error covariance necessarily
diverges.Weconsiderthe sameexamplewith the second
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sensorreplacedby a sensorof the form

y[k] =

"
0 0 1 0

0 0 0 1

#

X [k] + v[k];

with the sensornoisecovariancesgiven by (11). We see
that the plant is unobservable while using the second
sensoralone and henceas the probabilit y of using the
secondsensorincreases,the error covariance would di-
verge.It can be shown that although there is a hugegap
between the lower and upper bounds, both bounds di-
vergeat q1 = 0:56 which is thus the critical probabilit y
for error divergence.This value also matches the value
given in Theorem 4 since the largest eigenvalue of the
unobservable part of A is 1.5. It may be noted that in
general, the probabilities when the bounds divergewill
not match and they serve as lower and upper bounds
on the critical probabilit y. An important special case
is when any one of the matrices Ci is invertible which
renders the condition of divergenceof the lower bound
both necessaryand su�cien t for the divergenceof the
expectederror covariance.

To consider a representativ e example for sensorcover-
age, we consider an area gridded into N = 4 points
being surveyed by one sensor.Each point is associated
with a scalar processthat tries to �nd the average of
the neighboring points. Thusdenoting the processat the
i -th point by x i and the state of the entire system by

X =
h

x1 x2 x3 x4

i T
, weseethat the systemevolvesas

X [k + 1] =

2

6
6
6
6
6
4

0:5 0:5 0 0

0:33 0:33 0:33 0

0 0:33 0:33 0:33

0 0 0:5 0:5

3

7
7
7
7
7
5

X [k] + w[k];

wherew[k] is white noisewith meanzeroand covariance
equalto the identit y matrix. When the sensoris at point
i , it canmeasurethe valueof x i corrupted by a Gaussian
zero mean noise. Thus, as explained earlier, we have 4
virtual sensorstaking measurements according to

yi [k] = x i [k] + vi [k];

where vi [k] are all independent of each other and their
variancesare given by R1 = 1, R2 = 3:1, R3 = 0:5 and
R4 = 1:5. We model the sensorsas switching according
to the transition probabilit y matrix

2

6
6
6
6
6
4

1 � � 1 � 1 0 0

� 2 1 � 2� 2 � 2 0

0 � 2 1 � 2� 2 � 2

0 0 � 1 1 � � 1

3

7
7
7
7
7
5

:

Wewant the Markov chain to reach astationary distribu-
tion irrespective of the initial sensorprobabilities. Thus
we constrain the constants � 1 and � 2 to be non-zero.
Optimizing the upper bound yields the values � 1 = 1
and � 2 = 0:45with the optimal upper bound being7.63.
100000simulations with thesevaluesof � i 's yielded an
averagesteady state covariance of 7.62. Using a greedy
algorithm leads to only sensor3 being usedat all time
stepswith the steady state covariance of 8.72. As with
the sensorscheduling example,we can illustrate various
di�eren t caseswhenour algorithm o�ers advantagesover
the conventional methods.Thesecancorrespond to, e.g.,
constraining the probabilit y that the sensorbe located
at somepoints that are more dangerousthan others.

5 Conclusions and Future W ork

In this paper, we described an algorithm for stochasti-
cally selectingsensorsto minimize the expectederror co-
variance. We presented upper and lower bounds on the
error covariance.This algorithm o�ers many advantages
over conventional algorithms for sensorselection.Weap-
plied the algorithm to the problemsof sensorscheduling
and sensorcoverage.Somesimple numerical examples
werealsopresented.

The work can potentially be extended in many ways.
Finding out how tight the bounds are and coming up
with tighter bounds is one avenue. Moreover we have
talked only about expectederror covariancewith no in-
dication of the spreadof the actual value of the covari-
ance.Coming up with an understanding of that would
alsobe interesting.
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