


average reconstruction error variance

E|e(n)|2 =
Ereco

M
=

σ2
q‖A#

K‖2

M

where e(n) = ŝ(n) − s(n) is the error in each sample of
scalar the symbol streams(n).

When K = M (smallest possibleK), the matrixAM is
square, lower triangular, and Toeplitz. OnlyM components
of y(n) are used to estimates(n). The inverse ofAM is
also a lower triangular Toeplitz matrix, with the coef“cients
c(n) replaced by the coef“cientsd(n) of the inverse “lter
1/C(z) =

∑∞
n=0

d(n)z−n. If C(z) has a zero outside the
unit circle, then the coef“cientsd(n) are unbounded. This
means that the elements inA−1

M can get large, and the norm
‖A−1

M ‖ can be very large as we shall demonstrate. Retaining
only the “rst M samples ofy(n) is therefore not judicious.

When K = P (largest possibleK), the matrixAK = A
becomes a full banded Toeplitz matrix. We will show in
this case that the noise ampli“cation factor‖A#‖2 does not
change if a zero ofC(z) inside the unit circle is replaced
with its reciprocal conjugate (which is outside)! We also
show that‖A#‖2 depends only on the autocorrelation of the
channel. Thus, using all theP compoments ofy(n) makes
the estimation ofs(n) quite robust to the zero-locations of
C(z).

Expression in terms of singular values. It is well-known
that theminimum-norm left inverse or MNLI of A has the
closed form expression [1]

A# = (A†A)−1A† (7)

and can therefore be readily calculated. It is also known that
if σk denotes thesingular values of A then

‖A‖2 =

M−1∑
k=0

σ2
k, and ‖A#‖2 =

M−1∑
k=0

1

σ2
k

(8)

Summarizing, the reconstruction error can be expressed as:

E|e(n)|2 =
σ2

q‖A#‖2

M
=

σ2
q

M

M−1∑
k=0

1

σ2
k

(9)

where σ2
q is the variance of the channel noiseq(n), and

σk are the singular values of the channel matrixA (i.e.,
σ2

k are eigenvalues ofA†A). When the full banded Toeplitz
matrix A is replaced with the partial matrixAK , the same
expressions hold withσk now representing the singular values
of AK .

III. F ROBENIUS NORM OF LEFT INVERSE ASAK

GROWS TALLER

We now make an important observation. LetAK be K ×
M with K ≥ M and assume its rank isM. De“ne the taller
matrix

B =
[
AK

a

]
(10)

wherea �= 0 is a row vector. Since‖B‖2 is the total energy
of the elements ofB, it is obvious that

‖B‖ > ‖AK‖ (11)

Let A#
K be the unique minimum-norm left inverse ofAK

andB# the unique minimum-norm left inverse ofB, so that
A#

KAK = IM , B#B = IM . We now claim the following:

♠Lemma 1. Frobenius norm of left inverse. In the above
set up,

‖B#‖ ≤ ‖A#
K‖ (12)

That is, even thoughB# has more columns thanA#
K

(becauseB has more rows thanAK ), the norm ofB# cannot
be larger than that ofA#

K . ♦

Proof. Observe “rst that the matrix[A#
K 0 ] is a valid

left inverse forB because

[A#
K 0 ]B = [A#

K 0 ]
[
AK

a

]
= A#

KAK = IM

The left inverse[A#
K 0 ] clearly has the same norm as

A#
K (because the extra columns of zeros do not change

the energy in the elements). This shows that there exists
at least one solution to the left inverse ofB which
has identical norm asA#

K . So the minimum norm left
inverseB#, by its very de“nition, satis“es (12).���

IV. A PPLICATION IN EQUALIZATION OF CHANNELS

Consider again the equation for the received block of data
given by (4), which applies when the “rstK samples in the
block are retained. Let us take a closer look atAK . For the
example whereM = 3 andL = 2, we have

A3 =

[
c(0) 0 0
c(1) c(0) 0
c(2) c(1) c(0)

]
, A4 =

 c(0) 0 0
c(1) c(0) 0
c(2) c(1) c(0)
0 c(2) c(1)

 ,

and A5 =


c(0) 0 0
c(1) c(0) 0
c(2) c(1) c(0)
0 c(2) c(1)
0 0 c(2)

 (13)

Notice the following properties of these matrices: (a)AK is
lower triangular and Toeplitz for allK, (b) for K = M the
matrix AK is also asquare matrix, and (c) forK = P the
matrix AK is full banded Toeplitz. Since we can write

AK+1 =
[
AK

×
]

(14)

it follows that the left inverse ofAK+1 has a smaller
Frobenius norm thanAK (Lemma 1). This shows that

Ereco,K+1 ≤ Ereco,K (15)

that is, the reconstruction error can only improve asK
increases. As we makeAK taller and taller, that is,as we
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use more and more output samples from the block y(n), the
effect of channel noise becomes smaller and smaller, as one
would intuitively expect.

Example 1. Effect of making the matrix taller.
Let

C(z) = 1 + 2z−1 + 5z−2 + 10z−3 − z−4

andM = 8. SinceP = M + L = 12, the matrixAK has8
columns, and the number of rowsK can be 8, 9, 10, 11, or
12. For each of these cases we have calculated‖A#

K‖/M :

K ‖A#
K‖2/M ‖A#

K‖2 dB
(No. of rows) (normalized)

8 2.4360 × 10+3 0
9 1.0201 × 10+3 −3.78
10 2.8898 × 10+2 −9.26
11 1.0181 × 10−2 −53.79
12 1.0168 × 10−2 −53.79

Notice how the norm decreases dramatically as the number
of rows is increased from10 to 11. Thus the channel noise
ampli“cation is improved by about 45 dB (53.79−9.26) if we
keep eleven rows ofA# instead of ten! In some examples,
there is similarly a jump in quality as the number of rows
K increases fromM to M + 1. For example, tryC(z) =
4 − 20z−1 + 33z−2 − 20z−3 + 4z−4 with M = 8.

V. TOEPLITZ PROPERTY OFA†A

Consider the full size (P × M ) channel matrix (2). If we
compute the productR = A†A explicitly, we will “nd that it
is aHermitian, positive definite, and Toeplitiz matrix. That is,
it is a valid autocorrelation matrix for a “ctitious wide sense
stationary random process. For example ifM = 4, L = 2,
andC(z) = 1 + 2z−1 + 4z−2 then

A =


1 0 0 0
2 1 0 0
4 2 1 0
0 4 2 1
0 0 4 2
0 0 0 4

 and A†A =

 21 10 4 0
10 21 10 4
4 10 21 10
0 4 10 21


This result holds for anyM andL, and is a consequence of
the full-banded Toeplitz property ofA. But if AK is only
a partial matrix obtained by dropping rows fromA, then
A†

KAK is not necessarily Toeplitiz. Example:

AK =


1 0 0 0
2 1 0 0
4 2 1 0
0 4 2 1
0 0 4 2

 ⇒ A†
KAK =

 21 10 4 0
10 21 10 4
4 10 21 10
0 4 10 5


ThusA†

KAK is Toeplitz forK = P but not necessarily so
for smallerK.

Proof of Toeplitz property. To prove thatA†A is Toeplitz
when A is full banded Toeplitz, notice that themth
column of A is the full impulse responsec(n) shifted
down bym. Thus the(k, m)-element ofA†A is

[A†A]km =
∑

n

c∗(n − k)c(n − m) = r(k − m)

where r(�)
∆
=

∑
n

c(n)c∗(n − �) is the autocorrelation
of c(n). Since[A†A]km depends only on the difference
k − m, it follows thatA†A is Toeplitz. ���

VI. CONSEQUENCES OFTOEPLITZ FORM OFA†A
We now point out some of the important consequences that

result from the Toeplitz property ofA†A.

1. Frobenius norm. Since the diagonal elements ofA†A
are all equal tor(0), it follows that

‖A‖2 = Tr(A†A) = M r(0)

wherer(0) =
∑

n
|c(n)|2. Thus

‖A‖2

M
= r(0) =

L∑
n=0

|c(n)|2 = channel energy, (16)

and is independent of dependM. Thus, as the size of the full
banded Toeplitz matrix A increases, ‖A‖2/M is fixed.

2. Insensitivity to channel phase. Given an FIR channel
C(z) = c(0)

∏L

k=1
(1 − z−1zk), de“ne a new channel

Cnew(z) = c(0)
z∗

m − z−1

1 − z−1zm

L∏
k=1

(1 − z−1zk)

This is an FIR channel with themth zero zm replaced by
1/z∗

m, and the magnitude response is unchanged:

|Cnew(ejω)|2 = |C(ejω)|2

That is,c(n) andcnew(n) have the same autocorrelation. So,
even though the full banded Toeplitz matrixA is different for
C(z) andCnew(z), the matrixA†A is identical for them.

3. Zero locations of channel, and noise gain. SinceA†A is
the same forC(z) andCnew(z), it follows that‖A#‖ (which
depends only one the eigenvalues ofA†A, see Eq. (8)) is
also unchanged. Since the reconstruction error at the receiver
has the ampli“cation factor‖A#‖2/M (see Eq. (9)), it then
follows that the channel noise ampli“cation isinsensitive to
whether the zeros of the channel are inside or outside the unit
circle. This result is true only as long as the receiver uses all
P noisy samples in every block for the identi“cation of the
transmitted symbols. By contrast, if the receiver had used
only M of the received samples, then the equalization would
be equivalent to inverting a square matrix (lower triangular
Toeplitz matrixAM , see examples in Eq. (13)). In this case,
zeros ofC(z) outside the unit circle would create a large
noise gain as we shall soon demonstrate.
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