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Subspace-Based Blind Channel Identification for
Cyclic Prefix Systems Using Few Received Blocks
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Abstract—In this paper, a novel generalization of sub-
space-based blind channel identification methods in cyclic prefix
(CP) systems is proposed. For the generalization, a new system
parameter called repetition index is introduced whose value is unity
for previously reported special cases. By choosing a repetition
index larger than unity, the number of received blocks needed
for blind identification is significantly reduced compared to all
previously reported methods. This feature makes the method more
realistic especially in wireless environments where the channel
state is usually fast-varying. Given the number of received blocks
available, the minimum value of repetition index is derived.
Theoretical limit allows the proposed method to perform blind
identification using only three received blocks in absence of noise.
In practice, the number of received blocks needed to yield a satis-
factory bit-error-rate (BER) performance is usually on the order
of half the block size. Simulation results not only demonstrate
the capability of the algorithm to perform blind identification
using fewer received blocks, but also show that in some cases
system performance can be improved by choosing a repetition
index larger than needed. Simulation of the proposed method over
time-varying channels clearly demonstrates the improvement over
previously reported methods.

Index Terms—Blind identification, cyclic prefix, orthogonal
frequency division multiplexing (OFDM), repetition index,
single-carrier cyclic prefix (SC-CP), subspace-based methods.

I. INTRODUCTION

N recent years, linear redundant precoding (LRP) has be-
I come popular in digital communication systems due to its
capability to facilitate block channel equalization of frequency-
selective channels. By inserting in each transmitting block a re-
dundant segment of a length greater than or equal to the channel
order, the interblock interference (IBI) at the receiver can be
eliminated [11]. Two major types of LRP techniques are zero-
padding (ZP) and cyclic prefixing (CP). ZP systems guarantee
symbol recovery regardless of channel null locations, but the
CP technique is more widely used in many current standards
such as orthogonal frequency division multiplexing (OFDM)
and single-carrier cyclic prefix (SC-CP) systems.

Besides the capability of LRP to facilitate block equalization,
the redundancy introduced in the transmitter is also useful for
blind channel identification problems. Unlike earlier works in
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the blind identification literature which require either higher-
order statistics (HOS) of the received data [13] or over-sampling
at the receiver [6], [17], blind channel identification exploiting
LRP requires only second-order statistics (SOS) of the received
data and is robust to channel order overestimation. Scaglione
et al. proposed a blind identification algorithm for ZP-based
communication systems [12] based on subspace decomposition.
The method requires only the persistency of excitation (p.o.e)
property of the input signal (i.e., richness) to render the data
covariance matrix to have full rank. This requirement demands
the receiver to collect at least a number of blocks equal to the
block size for one channel estimate and thus makes the approach
less applicable when the channel is fast-varying. More recently,
Pham and Manton proposed a subspace-based method in ZP
systems which requires only two received blocks [10]. A re-
cent generalization of subspace-based blind methods in ZP sys-
tems was proposed by Su and Vaidyanathan [15], [14]. There are
some other nonsubspace-based blind methods for ZP systems
which can perform blind identification using a small number of
received blocks. These methods, however, often take advantage
of finite alphabet property of the input symbols [19], and are not
considered in this paper.

We consider blind identification methods for CP-based sys-
tems which are currently more popular than ZP-based systems
in wireless standards such as OFDM systems. Similar to those
for ZP systems, most existing blind identification methods for
CP/OFDM systems fall into either subspace-based or nonsub-
space-based categories [5], [9], [19]. We consider only subspace
approaches in this paper since they require no knowledge of
symbol constellations and hence the computational complexity
does not grow as the constellation size increases. Since the guard
interval is nonzero in CP systems, subspace-based blind identifi-
cation methods in CP systems usually have a more sophisticated
design than those in ZP systems. Heath et al. exploited cyclo-
stationarity induced by cyclic prefixes to estimate channel coef-
ficients blindly [2]. Muquet ef al. proposed an algorithm using
the second order statistics of the received data for OFDM sys-
tems of which a semiblind adaptation was also developed [7],
[8]. Cai and Akansu proposed another deterministic algorithm
of blind channel estimation for OFDM systems [1]. Li and Roy
further exploited the presence of virtual carriers of OFDM sys-
tems [4]. Zhuang et al. proposed a statistical method that can
estimate channels whose length is larger than the CP length.
All these previously reported methods require the number of
received blocks to be at least as large as two times the block
size to satisfy the persistency of excitation (p.o.e) criterion of
the input, which limits the application in a fast-varying channel
environment.
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In this paper, we propose a generalization to some of previ-
ously reported subspace-based blind methods for CP systems
[1], [4], and [8] by introducing a new system parameter called
repetition index, whose value is unity for these previously
reported methods. When the repetition index is chosen to be
greater than unity, the number of received blocks needed will
be significantly reduced. The rest of the paper is organized
as follows. In Section II, we review the basic ideas of blind
identification methods in CP systems that have been known so
far in [1], [4], [8]. In Section III, we present the generalized
algorithm. In Section V, simulations of the proposed algorithm
are performed both in static and time-varying channel environ-
ments and the results are presented. In Section I'V the conditions
under which the proposed algorithm works are studied in detail.
Conclusions are made in Section VI. Some results contained in
this paper have been submitted to a conference [16].

II. PROBLEM FORMULATION

A. Notations

Boldfaced lower case letters represent column vectors. Bold-
faced upper case letters and calligraphic upper case letters are
reserved for matrices. Superscripts *, 7, and f asin a*, A, and
AT denote the conjugate, transpose, and transpose-conjugate
operations, respectively. [v]; denotes the kth entry of vector v.
All the vectors and matrices in this paper are complex-valued.
The notation W, denotes e?2/M and W, is the M x M nor-
malized DFT matrix whose klth entry is W;[(k_l)(l_l) /M.
Column and row indices of all matrices and vectors begin at one.
A, is the entry at the kth row and the [th column of A. I, is
the M x M identity matrix, and 0,,, x, is the m X n zero matrix.

Notations for commonly used matrix structures in this paper
are presented. If v = [v1 v vm]T is an m x 1 vector,
we use 7,,(v) to denote the (m+n — 1) X n full-banded Toeplitz
matrix

i U1 0 0 7
(%] U1
V2 0
TV =, " M
0 v, Vg
L0 - 0w,
and K;(v) to denote the [ x (m — [ + 1) Hankel matrix
v V2 U3 Um—1+1
Kiv)= |7 " )
Um—1
vl ... ... rUm—l vm

Due to the special property of cyclic prefixes, we will use
the following notation extensively in this paper. Suppose y is
an m x 1 column vector y = [y1 ¥2--- ¥m|T. Then the
notation [y]? denotes the (b — a + 1) x 1 vector

[Y]Z = [ya Ya+1 yb]T

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 55, NO. 10, OCTOBER 2007

1 Ul md
vector 2 2—» | vector
Uce(n) M Yeel(n)
.
L L
$4(n) A /' e(n) il )
st Q) | chenel l Ml o
. . . y(n) . [3
: : / / :|Pisi—{ H@z) siP|!|: :
R /// M M T
M+1
// M+2 M+2
s(n) J :/ . | Su(n)
hd v M+l M+L Lt
vector ectol vector vector

s(n) yul(n)

u_(n) v_(m)
u(inm=| yin=|"7
u, (1) Vo)

Fig. 1. A typical cyclic prefix system.

s(n)

if 1 < a < b < m. An extension of this definition to any
arbitrary pair of integers a and b satisfying a < b is made by
defining yx @S Y(k—1 mod m)+1 for any k > m or k < 1. For
example, if y = [y1  y2 ws]”, then [y]7' denotes the vector

[y2 Ys Y1 Y2 Ys Yir Y2 Y3 yl]T-

B. Cyclic Prefix System Overview

Consider the communication system using cyclic prefix (CP)
depicted in Fig. 1. The source symbols s1(n), s2(n), . .., spr(n)
may come from M different users or from a serial-to-parallel
operation on data of a single user. For convenience, we consider
the blocked version s(n) as indicated. The vector s(n) is pre-
coded by an M x M constant matrix R and results in precoded
data ups(n). In particular, for OFDM or multicarrier (MC) sys-
tems, R = WITM is the normalized IDFT matrix; for single-car-
rier cyclic prefix (SC-CP) systems, R is chosen as Iy;. A cyclic
prefix of length L, taking from the last L elements of uys(n),
is defined as ucp(n) = [Opxar—r) IrJuar(n). We assume
L+ 1 < M. The cyclic prefix is appended to ups(n), forming
a vector

u(n) = [u“’(”)} = [ups (n)] 7~

uM(n)

whose length is P = M + L. The vector u(n), after parallel-to-
serial conversion, is sent over the channel H(z). We assume
H(z) is an FIR channel with a maximum order L, i.e.

L
H(z) = Z hyz=" (3)
k=0
and define h as the (L + 1)-column vector

[ho Dy hi)¥. The signal is corrupted by channel
noise e(n). The received symbols y(n) are blocked into
P x 1 vectors y(n). We assume perfect block synchronization
between the transmitter and receiver. Also let e(n) denote the
blocked version of the noise e(n). Denote ycp(n) as the first
L entries and yps(n) as the last M entries of y(n) so that
y(n) = [yep(n)T  yar(n)T]7. It can be shown that

yu(n) = Hepupr(n) + enr(n) )
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where

ho 0 hy hy

Hei = hr hr,
0

0 hy ho

is an M x M circulant matrix [18] and eps(n) = [e(n)]5T is
the noise vector. The L x 1 vector y,(n) contains inter-block

interference (IBI) and can be expressed as

pr(n) = HluCp(n) + Huucr)(n -1+ ecr)(”) Q)
where
ho 0 }LL hl
H, £ : and H, £ :
hr—1 ho 0 hr

are L x L matrices and e.p(n) = [e(n)]} is the noise compo-
nent. For channel equalization, y.,(n) is usually dropped and
only yas(n) passes the M x M equalizer T and results in re-
covered symbol §(n). When the channel coefficients are known,
the optimal equalizer T can be derived to minimize mean square
error (MSE) of equalized symbols.

C. Subspace-Based Blind Channel Identification in CP
Systems

While y.,(n) is often dropped before equalization, the in-
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Then from (4) and (5) we have

HciruM (n — 1)

y(n) = | Hiuep(n) + Hyuep(n — 1) | = Ha(n) 7
He,up(n)
where
H,., Onrxs
H= [ Orx (ML) | H, ] [ Orx(M—1L) | H; ]

Onrx M H.,

and(n) = [up (n—1)7T  ups(n)T])T. Note that Hisa (2M +
L) x 2M matrix. A special case of (7) when M =4 and L = 2
is shown in (8) at the bottom of the page. For notational con-
venience, we set yor. = [yar(n — D]k, y1x = [yar(n)]k, and
Yepk = [ycp(n)]k in (8).

Theorem 1: 1f H(z) = YF_, hyz~* does not have any zero
on the unit circle grid W},,0 < [ < M — 1, then H has full
column rank 2M.

Proof: See [8]. |

We now review some of the key ideas in [8]. Suppose we
gather J consecutive received blocks y(0),y(1),...,y(J — 1)
at the receiver, then we have J — 1 composite blocks ¥(n)
defined in (6) forn = 1,2,...,J — 1. We can construct the
(2M + L) x (J — 1) matrix by placing these composite blocks
together as

for.mation from pr'(n) is usefl'll to estimate the chan.nel f:oef- YY) =[y(1) y(2) y(J —1)].
ficients. In this section we review the essences of blind iden-
tification algorithms which have been used in earlier methods  Then, we have
reported in [1], [8], and [4]. For simplicity we first ignore the
noise term e(n). Define a composite block y(n) which has a Y =fgUW 9)
length 2M + L and contains information from two consecutive
blocks as follows: where
y(n)=[ymu(n =T yeop(m)' yum)F. (6 UY = [a(1) a(2) u(J —1)]
[ Yo1 T [ ho 0 hQ hl 0 0 0 0 i
Yo2 hl ho 0 hg 0 0 0 0 [ up1 i
Yo3 hQ hl ho 0 0 0 0 0 up2
Yoa 0 hg hl h() 0 0 0 0 up3
Yepi o 0 0 hg hl 0 0 ho 0 Uoa (8)
Yep2 0 0 0 hg 0 0 hl ho U1l
Y11 0 0 0 0 h,o 0 h,g hl U2
Y12 0 0 0 0 h] ho 0 hg U113
Y13 0 0 0 0 hg h1 ho 0 L U114 i
L Y14 i L 0 0 0 0 0 h/Q h,l hg
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is a 2M x (J — 1) matrix. Assume there exists an integer
J > 2M + 1 such that U) has full row rank 2M. Then
rank(Y (")) = 2M and hence Y (/) has L linearly independent
left annihilators. Let g£ be the kth annihilator of Y(/), 1 < k <
Lie., gLY(']) = 0. Then gz,I:I = 0 since UY) has full rank.
Write g,t as

g, = 901 gon|ger ger|911 g1
For notational simplicity, we ignore the index k in the contents
of gl. By observing the columns of H, we can construct a 2M X

(L + 1) matrix Gy, as follows such that Gzh = 0.

go1 go2 90,1+L
go2 go3 90,2+L
90,M—L 90,M —L+1 s gom
9o,M—L+1 gom go1 + ge1
Gp = gom 901 + gel goL + geL
g1 g12 91,1+L
g12 913 91,2+L
91,M—L 91,M—L+1 s gim
91,M—L+1 + gel 9iM + 9geL g11
L gim + geL gi1 9giL _
(10)
Define G = [GT GF GT1T. Then the channel coeffi-

cients h can be recovered within a scalar ambiguity by finding
the only right-annihilating vector of G [8].

Although the developments above are based on the assump-
tion that H has full column rank (i.e., H (z) has no zeros on
DFT grid), a slight modification of the algorithm when this is
not true can be found in [8]. Due to the length of the text, we do
not elaborate this special case throughout this paper.

In presence of noise, (9) becomes

v =—gau) N

where the noise component N(/) comes accordingly from (4)
and (5). In this case, Y usually becomes full rank and no
longer has L left annihilators. The left annihilators of ﬂ, ie.,
the noise space, can be estimated by taking singular value de-
composition (SVD) of Y/, In the equation

0

v — [Us U, [% S

] V. V] (11)
U,, contains the singular-vectors associated with the smallest L
singular values of Y(/) and g, is chosen as the kth column of
U,.

Note that in (11) if the matrix Y (/) is replaced with the esti-
mated autocorrelation matrix

Ryy = Y [Yw]T
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then the null space U,, obtained by singular value decomposi-
tion will remain unchanged. Since the size of Ryy is usually
smaller than Y (/)| especially when .J is large, taking SVD on
Ryy rather than on Y ) actually saves computational com-
plexity, although an additional computation will be needed for
creating matrix Rgy. However, the matrix Ryy, once created,
can be easily updated each time a new block is received (see
[8, eq. (18)]). The idea of maintaining an autocorrelation matrix
further develops into a strategy where newer blocks can be put a
greater weighting than older blocks. Specifically, after an initial
estimate of Ryy is established, Ryy is updated each time a new
composite block y(n) is obtained using

=RV + (1- )Ny (12
The parameter o € [0, 1] is called the forgetting factor. The
technique of using a forgetting factor has been applied espe-
cially in time-varying channel environments.

D. Limitations

In order for the aforementioned method to work, the 2M x
(J — 1) matrix U") must have full row rank 2M/. This is also
known as the property of persistency of excitation [8]. Obvi-
ously, U(”) has full row rank only when the number of columns
is not smaller than the number of rows, i.e., J — 1 > 2M. This
requires the receiver to wait for at least (2M + 1) P symbol du-
rations before a channel estimation can be performed. This limi-
tation makes these previously reported algorithms unrealistic in
environments with fast-fading channels since the channel coef-
ficients may have changed significantly during accumulation of
the data. Even though a forgetting factor can be used to give a
larger weighting to newer blocks than to older blocks, the use
of blocks as old as 2M + 1 blocks earlier is still unavoidable.
The method we propose in Section III will overcome this funda-
mental limit present in previously reported methods [see (13),
shown at the bottom of the next page].

III. PROPOSED METHOD
For a subspace method, it is always necessary to write an
equation

Y=HU+N (14)

or

R, = HR,H' + R, (15)
where H contains unknown information on the channel, U or
R, contain unknown information of transmitted symbols, and
Y or Ry contain the noise-corrupted observation of received
data. Note that (15) can always be obtained from (14) by setting
Ry = YYT, R, = UU' and R,, = NN, as long as the input
symbols and the noise are uncorrelated. The following discus-
sions will be focused on (14) only. In order to make the subspace
method work, (14) must satisfy the following two conditions:
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1) H must be a tall matrix. That is, if H has a size p X m, then
p > m;

2) U must have full row rank, i.e., rank(U) = m.

The idea of accumulating two consecutive blocks and keeping
the ISI-containing CP between the two blocks, as reviewed pre-
viously, was actually intended to satisfy condition 1). To satisfy
condition 2), the minimum number of blocks must be at least as
large as the number of rows of U, since each composite block
y(n) defined in (6) can at most increase the rank of U only by
one [as can be seen in (9) and the equation after (9)].

In this section, we reformulate (14) in such a way that each
new composite block ¥(n) can increase the rank of U by more
than one. By repeated use of the same blocks, the “speed” of
rank growth of matrix U will be faster so that a smaller number
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H, ;2 is obtained by permuting columns of H;, and is still a cir-
culant matrix. Note that this rewriting is simply to cut the last L
columns of H and insert them into the middle. Accordingly, we
permute elements of up (n) such that u), (n) = [upr(n)] 327
A special case of (16) when M = 4 and L = 2 is shown as
in (13). This might give a clearer view of the structure of the
channel matrix H. Observe that H is nearly a Toeplitz matrix
except for some sparse terms present in the top and bottom L
rows. This Toeplitz-like structure of H will become very useful
in the following development. For the sake of clarity, the fol-
lowing developments will start from (13).

We take advantage of the property of circulant matrices. No-
tice that since

of received blocks is needed to satisfy condition 2). The idea Yo1 ho 0 hy Iy o1
of repeated use of the same blocks originated in the work of yo | _ |h1 ho O Uo2
Pham and Manton [10] and was later generalized by Su and Yo3 hy hi ho 0 Uo3
Vaidyanathan [14]. These developments were originally for ZP Yo 0 hy hi ho Uo4
systems. We now show that for CP systems, similar extensions
are possible. The generalized method works well in situations we have
in which the previously reported methods [1], [4], [8] either fail
or do not perform well, as we shall demonstrate next. Yos hy hy he O
0 ha h1 h U
A. The Repetition Index zgj ho 02 h; h(l) ug;
In this subsection, we will present the idea of repetition index. Yo2 hy ho 0  hs 03
We will first present the development using an example with Yos hay hi ho 0 U4
small values M and L. Yo4 LO he hi ho
We first rewrite (7) so that the channel matrix has a more (ho 0 hy M 0 0 03
symmetric and “tidy” form. The rearranged version of (7) is hi ho 0  hy 0 0 o4
}LQ }Ll h() 0 0 0 Uo1
y(n) = Hu(n) (16) |0 hy hi hg 0 0 .
0 0 ho hg ho O Uo3
where 0 0 0 hz h1 ho Uo4
a7
H,;, 0arx s In general, we can show that if yy/(n — 1) = Heupr(n — 1)
is true, then we have
H=| [0 [H [ | [ Hi [O0px—1) ]
Onsx s H_iro [yar(n = D)]3" = Okfjt:—L) O%Zk [uar(n = D"
- - (18)
I Yo1 i I hO 0 11,2 ]Ll 0 0 0 0 i
Yo2 hl h() 0 hQ 0 0 0 0 i Uup1 i
Yo3 ho hi hg 0] 0 O 0 O U2
Yoa 0 hg h] h() 0 0 0 0 up3
Yepi _ 0 0 hg h] h,() 0 0 0 ui (13)
Yep2 0 0 0 h2 hl h() 0 0 u13
Y11 0 0 0 0 hg h1 ho 0 U14
Y12 0 0 0 0 0 h,2 h] hU U1
Y13 0 0 0 0 h() 0 hg hl L U2 |
L Y14 | L 0 0 0 0 h/1 ho 0 h2
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for any k£ > 0. Here

hy hp_ hy 0 .- 0
My = 0 hr  hr_1 ho (19)
0 -~ 0  hp hp ho

isak x (L + k) Toeplitz matrix. Equation (17) was a special
case when k = 2. Similarly if y s (n) = Heiou)y,(n), then we
have

H;
Orrxa

Oix(m-1)

Hcir2 (20)

[YM(”)]}\HI = [UM(”)]}MH
for any [ > 0. Combining knowledge of (18) and (20), we can
“expand” the composite block ¥(n) in (16) by k symbols up-
ward and [ symbols downward for any nonnegative integers k
and [. If we choose k and [ such that k + 1 = @ — 1 for some
positive integer (), we will be able to write a new channel equa-
tion as follows:

Fr(n) = Hotig(n) (21)
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Note that if we choose Q = 1,then ¥ = [ = 0 and (21)
reduces to (16). Now, by combining cases when £ is chosen from
0to@ — 1 (and so ! from ) — 1 to 0) in (21), we get

Y (n) =HoUg(n) (23)

where

Yo(n) = [Yog-1(n) ¥y1,0-2(n) Yo-1,0(n)]

isa (2M + Q + L — 1) x Q matrix and

Uq(n) = [00,g-1(n) 11,0-2(n) Ug-10(n)] (24)
isa(2M + @ — 1) x @ matrix. A special case of (23) when
M = 4,L = 2, and Q = 3 is shown in (25) at the bottom of
this page. Note that (16) implies (23) without any additional as-
sumptions. We can see this, for example, by verifying that (13)
is equivalent to (25). This may provide more insight for (21).
The new channel matrix ﬂQ with a parameter () maintains a
Toeplitz-like structure plus some sparse components: two tri-
angular-shaped “residues” in the top and bottom few rows. As

Q increases, the Toeplitz component of Hy, is elongated while

where the triangular-shaped components keep the same size. We call
the parameter () the repetition index since for each composite
block y(n) we can generate a matrix Y ¢(n) whose number of
Yri(n) columns is Q.
[yar(n— 1)) Finally, if we accumulate .J consecutive blocks (J > 2)y(n),
= Yep(n) 0 <n < J-1, wehave J — 1 composite blocks y(n),1 <
[yn (7)) 34 n < J—1.Construct the (2M +Q + L—1) x Q(J — 1) matrix
ﬁQ
Hg;, O x(M+Q-1)
= | 0z rQ-nx(v-1) Hitg-1 Oiq-1)x(M-I) Y =[Yo(1) Yo(2) Yo(J-1)].  (26)
Onrx (M+Q-1) cir2
and Then we have
. _ [Tuar(n = D] _
uy(n) = [UIM(”')H\H-I (22 Yg) = HQU(Q}])
[ yor Youa yos | [ho O hy hi| O O[]0 O O 0]
Yoz  Yo1  Yoa hi hg O hy| O 0|0 O 0 O [ w1 uos  ups |
Yos Yo2 Yo1 }7,2 hl h() 0 0 0 0 0 0 0 Up2 U1  Uo4
Yoi Yoz  Yo2 0 hy hy hy| O 0]0 0 0 O Uoz  Uo2  Uol
Yepl Yoa Yos 0 0 h2 h 1 h() 0 0 0 0 0 Up4 U3 U2
Yep2 Yepr Yoa | _ | 0 0 0 hy|hy ho| O O 0 0 U3 Ups  Up3 (25)
Y11 Yep2  Yepl 0 0 0 O0]hy hi|he O 0 O U4 U3 Uo4
Yz Y11 Yep2 0 0 0 0]0 hyg|hi hg O O Uy U4 UL
Y13 Y12 Y11 0 0 0 010 0 ]hy hi hy O U2 UL U4
Y4 Y13 Y12 0 0 0 0]0 0|0 hy hi ho U1z U2 U1l
Y1 Y14 Y13 0 0 0 0|0 O0fho O ho hy || wia wz wu |
| Y12 Y11 Y14 | L 0 0 0 0 0 0 h1 ho 0 hg i
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where

Uy =[Uq(1) Ug(2) Ug(J-1] @7

isa(2M +@Q —1) x Q(J — 1) matrix.
Theorem 2: Hg has full column rank 2M + @ — 1 if and only
if H(z) as defined in (3) does not have any zero at z = W}u,
0<I<M-1.
Proof: 1f H(W],;) = 0 for some , then

T
[owh owi e wErey]

is a right annihilator of ﬂQ and hence ﬂQ does not have full
rank. On the other hand, when H(W},) # 0 for any [, suppose
H,, does not have full rank. Then there exists a nonzero vector
v =I[Vin VH.1 Vi suchthat Hov = 0. The lengths
of var1,vg—1, and vyso are M, Q) — 1, and M, respectively.
Note that when ) = 1, the segment vg_1 has azero length (i.e.,
this segment simply does not exist). Observe that H.;,v1 = 0.
Since

M—-1

det(Hei) = J[ HW4,) #0

=0

we have vy = 0. Similarly, vare = 0 since det(Heira) # 0.
If @ = 1, this already leads to a contradiction. In the case when
Q > 1,Hgv = 0 implies 7g—_1(h)vg_1 = 0 [see (1) for
definition of notation 7g_1(h)]. But 7g_1(h) has full rank.
So v_1 must also be zero. This contradicts the fact that v is
nonzero, and so ﬁQ must have full column rank. [ |

Note that when ) = 1, Theorem 2 reduces to Theorem 1.
Theorem 2 states that the necessary and sufficient conditions
for ﬂQ to have full column rank does not change whatever the
repetition index () we use. Assume the channel H(z) does not
have zeros at z = W], for any [. Then Hy, has full column rank
2M + @ — 1. This assumption is usually reasonable since the
probability that a channel H (z) has a zero exactly at z = W, is
zero. We also assume that there exists .J such that Ug) achieves
full row rank 2M + () — 1. Under these two assumptions, we
obtain that the (2M + L + @ — 1)-row matrix Yg has rank
2M + @ — 1. This means there exist L linearly independent
vectors g, 1 < k < L such that

gl Yy =o”. (28)

Since U(QJ ) has full row rank, these vectors gl
lators of Hg.

For each annihilator gz of ﬁQ, we can construct a (2M +
Q@ —1) x (L+1) matrix Gy, in a way similar to (10) in Section I
such that

are also annihi-

Gch = 0. (29)

4985

The construction of Gy, is conceptually easy. We simply inspect
each column of I:IQ and find locations of each channel coeffi-
cient h;,0 < ¢ < L. For example, in the special case where
M =4,L =2, and ) = 3, the structure of Gy, is given as

gk1 gk2 gk3
gk2 gk3 Jk4

Jk3 Jka 9ks + gkl

k4 gks T+ 9kl 9ke + Gk2
Gr = 9k5 gke 9k

=
Jk6 9k 9ks
Ik7 + 9k,11 9kS + Gk,12 Jk9
98 + gk, 12 gk9 gk,10
gk9 Jk,10 Jk,11
L Gk,10 gk,11 Jk,12

where gj; denotes the /th element of g,t. A systematic way of

construction of Gy, is given as follows.
Firstnote that Hy = Hapr4¢+1— 1A, where the notation Hj,
was defined in (19) and A is a sparse matrix defined as follows.
A =[AT

Lyigo1 A5]"

where

Al:[OLX(MfL) I 0L><(M+Q71)]

and

Ar = [0y m+g-1) Iz Opx(u—n)l-

Now, we have

0" =g[Hq = gl Hanrsgrr1A
= [he holTi (8]) A
=hTGLA

where G = Kr4+1([01xL, (gz,)T7 01xz]) is a Hankel matrix
[see (2) for definition of the notation] composed of elements of
gz. Now, by simply choosing

G =ATG]
Equation (29) is satisfied. By defining

G=[6 G gr* (30)
we now have Gh = 0. The channel coefficients h can be iden-
tified within a scalar ambiguity. .

In presence of noise, the estimated annihilators g,Tc can be
found by taking SVD on Yg) and choosing the L singular vec-
tors associated with the L smallest singular values [similar to
the description after (11)]. Also, after constructing the G ma-
trix, we use the vector h which minimizes the norm of Gh as
the estimated channel coefficients. This optimal estimation can
be written as

h = arg min |Gh||?> = arg

31
Ih]|=1 Il GV

min h¥(GTG)h.
h|=1
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B. Necessary Condition for Persistency of Excitation

Recall that the matrix U(QJ ) defined in (27) must have full
row rank. If Ug) does not have full rank, some annihilators of

Y(QJ) as defined in (28) may not be annihilators of H¢, and will

()

result in failure of the proposed algorithm. Since U’ has size

(2M + @Q — 1) x (J — 1)@, it has full row rank only when
(J-1)Q>2M+Q—1 (32)
or
2M -1
> . 33
Q= 79 (33)

This necessary condition for Ug ) to have full row rank
(2M + @ — 1) is not sufficient since it still depends on the
values of transmitted symbols ups(n). However, simulations
in Section IV show that (for most choices of M and input
constellations) once (33) is satisfied, the probability that Ug)
has full rank is very close to unity. Thus

2M —1
o= |57

(34)

is usually a valid choice in practice. A detailed study on the
conditions of U(QJ ) having full rank is presented in Section IV.
Now, if we choose

J>3

then there exists () such that U(QJ ) can possibly have full rank.
This suggests that the proposed algorithm is potentially capable
of identifying the channel from only three blocks. In Section V
we will demonstrate these with examples.

C. Repetition Index for the Forgetting Factor

The idea of using a repetition index () can also be applied
when a forgetting factor is used. The technique of using a for-
getting factor has been reviewed in Section II right before (12).

The “autocorrelation matrix” R(’Sz is initiated as Ryy =0
and updated each time when a new composite block y(N — 1)
is received as
N N-1
RV, =aRY V4 (1-a)Yo(N - 1)[Yo(V - 1)]f
(35
where a € [0, 1] is the forgetting factor. The SVD of R;J)V,)Q

is then taken, and the estimated annihilators gk chosen as the
singular vectors associated with the smallest L singular values
of R(];,)Q Note that N must satisfy N > (2M +Q —1)/Q to

render R(’y)Q full rank. This means the first channel estimation
after initialization can be requested only when N > (2M +
Q@ — 1)/Q. After this, an estimation can be requested at any
time instant V.

D. Summary of the Proposed Algorithm

The proposed algorithm can be summarized as follows.
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1) Given M and the CP length L, choose .J and the repetition
index () such that

2M -1
—_92°

Q=

Some remarks on choosing a good pair of .J and @) will be
presented in Section V.

2) Collect J blocks y(n) at the receiver and construct a
(2M+ L+ @Q —1) x (J —1)Q matrix Yg) as defined

in26). Let Z = Y'Y
3) Perform SVD on Z so that

b)) 0 Ul
1ol 2[4
where the diagonal entries of 3,, are the L smallest sin-
gular values of Z.

4) Let g, be chosen as the kth column of U,,. Construct the
(2M + @ — 1)L x (L + 1) matrix G as in (30).

5) Let h be the eigenvector of G'G associated with the
smallest eigenvalue. This is the estimated channel vector
within a scalar ambiguity.

When a forgetting factor is used, steps 1 and 2 are modified as
follows.

1) Choose @ € [0,1] and the repetition index (). Some re-
marks of choosing a good a will be presented in Section V.

2) Update the “autocorrelation matrix” R(,,) as received

blocks are accumulated. Choose Z = R;SV%Q as defined
in (35) where NV is the block index when a channel estima-
tion is requested.

E. System Complexity

The computational complexity of the proposed algorithm is
dominated by the SVD of the matrix Z, whose size is 2M +
Q@ + L — 1. The computational complexity is proportional to
O((2M + Q + L — 1)3). A larger repetition index @ leads to
a greater complexity. However, when M and L are much larger
than @, this complexity increase due to increase of () is not very
serious. On the other hand, if @) is chosen as large as 2M — 1
(e.g., when J = 3), the complexity increase can be significant.

F. Equalization and Resolving the Scalar Ambiguity

After estimating the channel coefficients, the receiver pro-
ceeds to equalize the effects of the frequency-selective chan-
nels. A standard linear minimum mean square error (L-MMSE)
equalizer is used at the receiver. Fig. 2 depicts the equalizer
structure of the system. Here A is a diagonal matrix whose kth
diagonal entry is

B, (W)

AL = _
YT B (WE) P+ No

(36)

where F is the average energy of transmitted symbols, Ny is
the channel noise variance, and H(W},) = ZlL:O [0],Wa~* is
the frequency response of the estimated channel. Since there is a
scalar ambiguity in the estimated channel coefficients, all equal-
ized symbols will be scaled by an unknown complex-valued
scalar c. A usual way to resolve this scalar is to introduce one
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WaAWw cuy,(n) R Cé(”é _ $(n)

A

received pllnts/"_
compare

Fig. 2. The transceiver system equipped with a method to resolve scale-factor
ambiguity.

known pilots

extra pilot symbol and compare it with the corresponding re-
ceived symbol. If several blocks are using the same channel es-
timate h, the scalar ambiguity can be estimated as follows:

¢ = arg rcréiélz [|$rec(n) — espi(n)||® (37
_ 2n 5pit(1)Srec(n) (38)

> Ispin(n)[?

where sp;1(n) is the pilot symbol of the nth block and syec(n) is
the corresponding received pilot. We set the first symbol of each
source block s(n) as the known symbol (i.e., spi1(n) = [s(n)]1)
defined as

Spil(n) =V Esp(n mod 4)

where [po p1 p2 p3s] = [1 § —3j — 1]. There are
definitely many other alternative designs of these pilot symbols.
The choice here is just to make sure that U(QJ) defined in (27)
would not become rank deficient due to the introduction of these
pilot symbols.

IV. ON THE PROBABILITY THAT U(QJ ) HAs FULL RANK

Before presenting simulation results which demonstrate the
performance of the above algorithm, we discuss the technical
issue of rank requirement of the matrix Ug ) defined in (27) in
greater detail.

Recall that one assumption for the proposed algorithm is that
the (2M + Q — 1) x Q(J — 1) matrix Ug) must have full row
rank. Inequality (33) is a necessary condition but is not sufficient
since whether Ug ) has full rank or not ultimately depends on

the content of Ug). As long as the contents of Ug ) are chosen
from a finite constellation, then there is always a nonzero prob-
ability that Ug ) is rank-deficient. To see this, simply consider

the extreme case where the contents of U(QJ) are always chosen
as identical symbols. All subspace-based blind methods suffer
from the possibility of rank deficiency of the data matrix. Here,
we will study how this probability of rank deficiency changes
when .J and @) change. To facilitate our discussion, we formally
define the probability of Ug ) having full rank as follows.
Definition 1: Consider a constellation S (which has at least
two elements) and an M x M nonsingular precoder R.. Let each
element of the M x .J matrix S = [s(0) s(1) s(J—1)]
be independently selected from the constellation S with equal
probabilities. Let ups(n) = Rs(n) and let Ug) be defined as

in (27). For J > 2,Q > 1, the probability that U has full
rank will be denoted as Ps r (J, Q). ]
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Obviously, Ps r(J, @) = 0 whenever (J — 2)Q < 2M — 1.
Also, wehave Ps g(J+1,Q) > Psr(J,Q) and Ps g (J,Q +
1) > Psgr(J, Q). The former inequality comes from the fact
that the row rank of a matrix never decreases when additional
columns are appended, and the latter can be verified by the fol-
lowing theorem. These inequalities show that both increasing .J
and increasing () have the potential to increase the probability
that U, has full rank.

Theorem 3: If Ug) has full row rank (2M + @ — 1), then

U(q}]4)-1 also has full row rank (2M + Q).
Proof: See Appendix A. [ |
When J approaches infinity, it can be shown that
limjy o Psr(J,Q) 1 for any constellation S and pre-
coder R (and any Q > 1). However, this is not the case when
we increase (). The probability of full rank of Ug ) always
stops increasing when Q > 2M — 1, which can be verified by
the following theorem.

Theorem 4: 1f Ug ) does not have full rank when Q=2M-

1, then Ug ) does not have full rank for any Q.
Proof: See Appendix A.
Combining Theorems 3 and 4, we immediately have

Psr(J,Q) = Pswr(J,2M — 1)

forany Q > 2M — 1.

We perform simulations with three commonly used constel-
lations in communications: BPSK, QPSK, and 16-QAM. The
M x M precoder R is chosen as I, for SC-CP systems and
W for OFDM systems. Although the exact probability of Ug )
having full rank can be actually obtained by testing all possible
transmitted data, an exhaustive simulation is barely feasible. For
each J > 3, the simulations are performed under two values of
Q=2M-1land@Q = [(2M—1)/(J—-2)].When @ = 2M —1,
the simulation gives an upper bound of Ps g (J, Q) for a given
J and the simulation where Q = [(2M — 1)/(J — 2)] gives a
lower bound of nonzero Ps g (J, Q). M is chosen as 16.

Figs. 3 and 4 show the results when the precoder is chosen
as an identity matrix and an IDFT matrix, respectively. Some
comments on these results are made below.

1) As expected, the probability of Ug) having full rank is
smaller when a smaller constellation is used or when J is
smaller. When J > 12, the probability becomes very close
to unity for all combinations of constellations and pre-
coders. When a 16-QAM constellation is used, the prob-
ability is already very high when J = 5.

It should be especially noted that the probability of Ug )
having full rank is significantly smaller when R is chosen
as the IDFT matrix than when R is an identity matrix.
An explanation of this phenomenon can be found in
Appendix B. This phenomenon suggests the proposed
algorithm is more stable when operated in SC-CP systems
than in OFDM systems when the constellation is small
and/or when J is small.

Finally, although the theory suggests Ps g (J,2M — 1) >
Ps g(J,[(2M —1)/(J—2)]), in simulation the above two
quantities look almost the same so that a conjecture may be
made that Ps g (J, Q) = Ps v (J, [(2M -1)/(J—-2)]) for

?

2)

3)
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Fig. 4. The probability of U(QJ) having full rank in OFDM systems.

any Q > [(2M — 1)/(J — 2)]. This conjecture, however,
has not yet been verified or disproved at the time of writing
of this paper.

V. SIMULATION RESULTS AND DISCUSSION

In this section, we conduct several Monte Carlo simulations
to demonstrate the performance of the proposed method under
different system parameters: the number of collected blocks .J,
the repetition index @, and the forgetting factor «. The block
size M is chosen as 64 and the length of cyclic prefix is L = 16.
The sample period is 1 us and so the block length is 80 us. We
assume perfect block synchronization in all simulations. Note
that in practice a blind block synchronization must be done be-
fore blind channel identification can be performed. Recall that
all previously reported algorithms in the literature use @) = 1.
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TABLE 1
CHANNEL MODEL IN SECTION IV
Delays | Avg. Power Delays | Avg. Power
Tap | (us) (dB) Tap | (us) (dB)
1 0 0.0 9 8 -6.9
2 1 -0.9 10 9 -7.8
3 2 -1.7 11 10 -4.7
4 3 -2.6 12 11 =13
5 4 -3.5 13 12 -9.9
6 5 -43 14 13 -12.5
7 6 -5.2 15 14 -13.7
8 7 -6.1 16 15 -18.0

A. Static Channels

We first test our methods in static channel environments. The
channel is an FIR filter whose order is upper bounded by the CP
length L = 16. The constellation of source symbols is QPSK
and the precoder R is chosen as the identity matrix (i.e., an
SC-CP system). The simulation is performed over 500 different
channels generated by Rayleigh fading statistics according to
Table I. The normalized least squared channel estimation error,
denoted as Fy, is used as the figure of merit for channel iden-
tification and is defined as follows:

Ne¢ S
Eu = 1 imin 4“61% — by
Cl Nen =1 ceC ||hk||2

where Ny, is the number of channel estimates performed, hy is
the true channel vector, and flk is the channel estimate with a
scalar ambiguity as defined in (31).

The simulation results for normalized channel estimation
error ¢, is shown in Fig. 5 and the corresponding bit-error-rate
(BER) plot is presented in Fig. 6. When J = 86 and Q = 1,
the algorithm simply does not work since inequality (33) is
not satisfied. This means the previously reported methods are
unable to perform blind channel identification using only 86
blocks. When we choose () = 2, the algorithm works with a
fairly satisfactory result. When () = 3, the system performance
further improves.

When the number of received blocks is J = 129, the algo-
rithm works, but not very well, with = 1. In view of (33),
this is the minimum number of blocks J needed for any previ-
ously reported algorithm (Q = 1). If we use Q = 2, the per-
formance has a significant boost. This suggests that choosing
@ larger than necessary sometimes yields a better performance.
When J = 257, the performance is even better since more data
are available for blind identification. Using () = 2 stills slightly
improves the system performance but the improvement is not
as large as in the previous cases. It is worthy to note that the
performance curves of three cases where “J = 86;Q = 3,7
“J = 129;Q = 2, and “J = 257;Q = 1” are very close
to each other. Recognizing that (J — 1)@ are very close to
each other in these three cases, this phenomenon suggests that
the system performance could be directly proportional to the
number of column of Yg)((J — 1)Q) as defined in (26) re-
gardless of the actual number of accumulated received blocks
(J).

We repeated the same simulation settings for other constel-
lations and precoders R.. Fig. 7 depicts the BER performance
where a 16-QAM constellation and a precoder R = I, are
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Fig. 5. Normalized MSE of channel estimation for static channels with the

QPSK constellation in SC-CP systems.
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Fig. 6. BER performance for static channels with the QPSK constellation in
SC-CP systems.

used. The BER performance of the case where a QPSK constel-
lation and a precoder R = WT (i.e.,an OFDM system) are used
are shown in Fig. 8. All these results exhibit similar character-
istics to the case described in the previous paragraph.

B. Simulations With Smaller J

We also test our algorithm when the number of available
received blocks are smaller, with nine different values of .J
ranging from 3 to 64. Note that J = 3 is the smallest integer
that satisfies (32). The repetition index () is chosen as

2M -1
QZ{ﬁW”

for each J. Here we choose repetition indices larger by three
than needed, in order to achieve a better system performance.
Other system parameters are the same as in the first simula-
tion in Section V-A. The BER performance is shown in Fig. 9.
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Fig. 7. BER performance for static channels with the 16-QAM constellation in
SC-CP systems.
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Fig. 8. BER performance for static channels with the QPSK constellation in
OFDM systems.

When J = 3, the BER decreases slowly as SNR increases.
This demonstrates the theoretical limit on the number of re-
ceived blocks required for the proposed system as argued in
Section III-B. However, when .J is smaller than 10, the BER per-
formances as shown in Fig. 9 are usually unrealistic in practice.
Also, a small .J requires a large ), which imposes a very de-
manding computational complexity. These observations largely
limit the applicability of the proposed algorithm with these ex-
tremely small .J in practical situations.

When the number of available received blocks is larger, the
BER performance is much better. When .J = 10 and Q = 19,
a BER of around 10~° is achieved when SNR is 30 dB. When
J = 20 and Q = 11, the BER is on the order of 10~° when
SNR is 25 dB. The SNR margin between the BER curves of
this case (J = 20) and of the case of known channel is around
5dB at BER = 10~*. When .J = 30 and J = 40, this margin
reduces to around 4 and 3 dB, respectively. These results are
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Fig. 9. BER performance for static channels with the QPSK constellation in
SC-CP systems when J is small.

considered acceptable BER in some practical applications (note
that the presented results are all uncoded BER). Since .J = 30
is slightly less than half the block size M = 64, we can argue
that the minimum number of received blocks required in a prac-
tical situation is on the order of half block size. Three more sim-
ilar simulations results with M = 32, M = 128, M = 256
strengthen this argument. Due to high similarity and space limit,
they are not shown here. Compared to previously reported sub-
space-based blind algorithms [1], [4], [8], which always require
a number of received blocks larger than twice the block size, the
introduction of repetition index indeed largely reduces the re-
quired number of received blocks.

C. Time-Varying Channels

We now test our algorithm in an environment of time-varying
channels. For time-varying channels there is always a dilemma
for subspace-based blind channel identification algorithms in
choosing the number of accumulated blocks (.J). When J is
large, the channel state may have changed significantly during
data accumulation so that the estimation results could be mean-
ingless. When .J is small, the performance would be poor due
to very limited amount of available data. With the introduction
of repetition index (), this problem can be solved to a certain
extent.

In our simulation, the channel model considered is a random
FIR channel with an order upper bounded by the CP length
whose characteristics is shown in Table I. A standard Jakes’
Doppler spectrum is used and Rayleigh fading statistics are as-
sumed for all taps [3]. A channel estimate is obtained using data
of J consecutive blocks and then used to equalize the middle
Np blocks of the J blocks, where N is usually chosen as an
integer small than or equal to .J. One reason of doing this is, in
the context of time-varying channels, the channel estimate ob-
tained from .J blocks may not be very accurate for the first few
and the last few of the .J blocks. In order to equalize each re-
ceived block, a channel estimate is obtained every /Ng blocks.

For the first simulation, the Doppler frequency is chosen as
5 Hz, which corresponds to an object speed 1.5 m/s (5.4 km/h) if
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Fig. 10. BER performance for blind identification systems when the Doppler
frequency is 5 Hz (5.4 km/h).

the carrier frequency is 1 GHz. The symbol duration is 10~ sec-
onds. This setting implies that the channel coefficients become
totally uncorrelated in around 0.08 s (i.e., coherence interval),
equal to 80 000 symbol durations, or 1000 received blocks. A
channel estimate is performed once for a time duration of 50
blocks (i.e., Ng = 50). The plot of BER performance is shown
in Fig. 10. In the low SNR region, the case where J = 258 and
@ = 2 has the best performance. However, in the high SNR re-
gion, the case where .J = 86 and () = 3 becomes the best. Note
that in the high SNR region, except for a few cases [where (32) is
not satisfied or is satisfied with a very small margin], the BER is
greater when .J is larger. This is because when channel noise is
small, the channel estimation error comes solely from channel
variation due to accumulation of a large number of blocks. In
the low-SNR region, curves with similar values (.J — 1)@ tend
to have similar performances, just like what has been observed
in static channel environments. We also compare an adaptive
scheme where a forgetting factor A 0.99 is used. When
@ = 1, the performance is not very good. Now if we choose
@) = 2, a considerable improvement over (Q = 1 is observed.
Although the performance of forgetting factor schemes is not
very good when SNR is high, they could be more promising
than methods using a fixed .J in the low-SNR region.

Due to channel variation, the channel estimation error does
not converge to zero even when the SNR is very high. As a con-
sequence, the linear MMSE receiver defined in (36) becomes
inaccurate when the SNR is large since the channel estimation
error constitutes a larger variance than channel noise. In the sim-
ulation for the BER plot, we slightly adjust the linear MMSE
equalizer defined in (36) as

7 rk
B W) i Ny > N,
Ay = 3 Bl )]+ (39)
kb — EH (W) .
: if Ny < Ny

E|H(WE )| +N,

where N; is the threshold noise level. In this case we choose
N; = 1073 since the channel MSE approaches at a value greater
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Fig. 11. BER performance for blind identification systems when the Doppler
frequency is 50 Hz (54 km/h).

than or equal to 10~2 in most settings. (The plot for channel
MSE is not shown due to space limit.)

For the second simulation, the Doppler frequency is chosen as
50 Hz, which corresponds to an object speed 15 m/s (54 km/h) if
the carrier frequency is 1 GHz. The symbol duration is 10~ sec-
onds. This setting implies that the coherence interval is around
8 x 1073 seconds, equal to 8000 symbol durations, or 100 re-
ceived blocks. Since the channel is varying much faster than
the previous case, we need to choose a much smaller .J. The
number of blocks .J is ranging from 12 to 80, the parameter ()
is chosen as the minimum value for each J, and Np is chosen
as .J/2 for each J. The BER plot is shown in Fig. 11. A modi-
fied linear MMSE receiver as defined in (39) with N; = 10~ 2 is
used when producing the BER plot. When J = 80, the perfor-
mance is fairly poor since the estimated channel coefficients are
hardly accurate due to channel variation. When the number of
received blocks J is reduced, the performance becomes better
and J = 32 yields the best performance in the low-SNR re-
gion among all values of .J chosen in this simulation. When
an even smaller .J is chosen, performance in low-SNR region
becomes worse again due to lack of data available for estima-
tion. For high-SNR region, “.J = 12;(Q = 13” has the best
performance. We also test the algorithm with a forgetting factor
chosen as @ = 0.7 and repetition index as @) = 13. In this set-
ting the data obtained 12 blocks earlier will be given a weighting
of a'? =~ 0.0138. If we use 1% as a threshold, we could say that
the autocorrelation matrix [as defined in (35)] contains effective
information from 12 composite blocks. This setting outperforms
all other settings using a fixed .J, which suggests the forgetting
factor technique is more promising in a fast-varying channel en-
vironment. It should be especially noted that using a large rep-
etition index () = 13 makes it possible to choose a forgetting
factor as small as 0.7. As shown in the plots, the same forgetting
factor does not work at all for Q = 1.

In all our simulations here, we used M = 64. However, in
some applications, M can have a much larger value (e.g., M =

4991

1024). In this case, the task of blind estimation is more sensitive
to time-varying channels. The number of blocks .J needs to be
chosen even smaller to fit in a coherence interval. Note that .J
can be chosen as small as three. This implies the requirement
of a larger repetition index (). As we learned in Section IV, the
problem of rank deficiency of Ug) may arise. However, since
M is large, the probability of rank deficiency would be much
smaller. So the proposed algorithm has the potential to work
well in the case of time-varying channels and a large M. The
only concern here may be a high complexity as can be seen in
Section III-E.

VI. CONCLUSION

In this paper, we proposed a generalized algorithm for sub-
space-based blind channel estimation in cyclic prefix systems.
A new system parameter called the repetition index (Q) was
introduced. By using a repetition index larger than unity, the
number of received blocks (J) is significantly reduced com-
pared to previously reported methods so that the proposed al-
gorithm is more feasible in time-varying channel environments.
A necessary condition on the system parameters .J and @ for
the algorithm to work is derived. The number of received blocks
J > 3 can be chosen depending on the speed of channel varia-
tion to yield the best performance. The generalization can also
applied to blind methods using a forgetting factor «.. Simulation
shows that when the number of received blocks .J and the rep-
etition index () are properly chosen, the generalized algorithm
outperforms previously reported special cases, especially in a
time-varying channel environment. The proposed method can
be directly applied to existing systems such as OFDM, SC-CP,
etc., without any modification of the transmitter structure. In
the future, developing the strategy to find the optimal .J and
Q or the optimal « and ) given knowledge of channel varia-
tion can be a challenging yet important problem. Extending this
scheme for multiinput-multioutput (MIMO) channels is also of
great interest.

APPENDIX A
PROOFS OF THEOREMS

Proof of Theorem 3: Assume U((éc)ﬂ does not have
full row rank. Then there exists a nonzero row vector
vT [v1 vanr+q) such that vTU(QJJ)rl = 07. From
the definition in (27), we obtain that v7 is a left annihilator of
Ug+i(n) for1 <n < J — 1. The notation of Ug(n) was de-
fined in (24). Notice that Uy (n) is a submatrix of U1 (n) and
can be obtained by removing the first row and the first column
of Ug41(n), or by removing the last row and the last column of
Ug1(n). This means that both vi = [v; VoM +Q—1]
and v = [vy voar+@) are left annihilators of Ug(n)
for1 < n < J.So vTUg) = VQTUg) = 07. Since v is
nonzero, at least one of v{ and vI must also be nonzero. This
implies that U(QJ ) does not have full rank and contradicts the
assumption. ]

Proof of Theorem 4: Let fjg ) = KU(QJ ) where

Ivio-
Ov+q-1)xm

OmiQ-1)xnm

K =Dnrvg-1 - Oarx s
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Then we have rank(fjg)) = rank(U(‘])) since K is nonsin-

gular. Also define Ug(n) = KUg(n) where Ug(n) is defined

as in (24). It can be shown that Ug(n) can be written as
Ug(n) = [T(m)]"  [C)]"T"

where T(n) = 7o (up(n — 1) — u)y(n))isan (M+Q—1) x

Q@ Toeplitz matrix and the M x ) matrix

C(n)

- [[“'M(“)]}u [uh ()34 M+Q-1

[ (n) 2M+Q—2j|

has a “circulant” structure. For simplicity, hereafter we denote
a(n) = upy(n — 1) — u);(n) and b(n) = u),;(n). We also
define polynomials in z as A(z) = [1 =z rM~a(n)
and B(z)=[1 = #M=1b(n). Ug(n)isa (2M+Q—
1) x @ matrix and has at least (2M — 1) linearly independent
left annihilators. These annihilators can always be written in the
following forms, regardless of the value of Q.

V;i(n) = |:1 ag--- ai\'/I+Q—2’ 01><Mj| ;

1<k<M—1 (40)

and

—ky 1 —k
VR{A%(”) = [B (WM )WITc ‘_A (WM )XH )

1<k<M (41)
where {a1,@s,...,ap—1} are distinct roots of the poly-
nomial A(x),w| = [I W* W_,[k(]\/j'irQ_z)]7 and
xi = 1wt - W&k(M_l)]. Please note that an-

nihilators in the form of (40) come because of the Toeplitz
structure of T(n) and annihilators in the form of (41) come
because A(W;,*) and B(W;,*), the DFT coefficients of a(n)
and b(n), respectively, cancel each other when Ug(n) is
multiplied by vL_l 4, defined in (41). Here we omit the index
n in polynomials A(z) and B(z) for the sake of notational
simplicity. Also note that vectors vi,1 < k < 2M — 1, are
always linearly independent as long as 1) the polynomial A(z)
has degree M — 1; 2) all roots of A(z) are distinct; and 3) none
of roots of A(z) is on the DFT grid. When any of these is not
true, a slight modification of (40) and (41) can be found so that
they are still linearly independent.

It ﬁg) is rank-deficient and there exists any left annihilator

of Ijg), in the form of either (40) or (41), then fjg ) is rank-
deficient for all ), since the same form of vectors will continue
to be annihilators of fjg ). Now, we will prove that if ﬂgﬁ_l
is rank-deficient (as assumed in the theorem statement), then
at least an annihilator in the form of either (40) or (41) will
be a common annihilator for all fJQ(n). Suppose this is not
the case and there exist two nonzero Ug(n), say, Ug(1) and
IjQ(2), without loss of generality, which do not have common
annihilators. Since fjg) is rank-deficient when Q = 2M — 1
(as assumed in the theorem statement), there exists a nonzero
(4M — 2)-row vector v' such that vaJ%}_l = 07. Clearly,
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vT is also an annihilator of fJ'zM_l(l), and INJ'2M_1(2). Thus,
v can be decomposed into the following form:

2M—1 2M -1
vi= Y avi)= D dwvi(2)
k=1 k=1

where v,:(n), 1<k<2M —1,n = 1,2 are as defined in (40)
and (41) with Q = 2M — 1. So we have

v[]=o

where ¢ and d are (2M — 1)-column vectors containing coeffi-
cients ¢, and dy, respectively, and V is a (4M — 2) x (4M — 2)
matrix whose columns are vi(n), 1 < k <2M —1,n =1,2.
Since the annihilators of Ug(1) and Ug(2) are linearly inde-
pendent, V has full rank. Thus (42) implies ¢ = d = 0 and,
hence, v = 07 This contradicts the assumption that fjgv)j_l
is rank-deficient. This completes the proof. ]

(42)

APPENDIX B
PROBABILITY OF Ug ) HAVING FULL RANK FOR
DIFFERENT PRECODERS

We now explain why the probability of Ug) having full rank
is much smaller when R = W than R = I. As explained in

the proof of Theorem 4, if Ug ) does not have full rank for

Q > 2M — 1, then a row vector v’ in the form of either (40)
or (41) will be a common annihilator of Ug(n). The proba-
bility of this depends on how many possible values of these vec-
tors there are. Focusing on (41), since wz and xz are fixed, the
variety of this form of annihilators comes from the values of
A(W ) and B(W;*), which are Fourier transforms of a(n)
and b(n). If there is no precoding (i.e., R = I), the number of
possible values of A(W,*) and B(W;,;*) can be quite large. On
the contrary, when an IDFT precoder is used (i.e., R = W,
A(W*), and B(W,;*) can only be symbols in the constella-
tion or the difference of two of them. Since the possible values
of A(W;,") and B(W ") are much fewer, it is more likely that
a common annihilator of fJ(QJ in this form exists. So the prob-

ability of Ug) having full rank is smaller in OFDM systems.
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