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Abstract—Recently, the concept of MIMO (multiple-input-
multiple-output) radars has drawn considerable attention. In
traditional SIMO (single-input-multiple-output) radar, the trans-
mitters emit coherent waveforms to form a focused beam. In
MIMO radar, the transmitters emit orthogonal (or incoherent)
waveforms to increase the spatial resolution. These waveforms
also affect the range and Doppler resolution which can be
characterized by the ambiguity function. In traditional (SIMO)
radars, the ambiguity function of the transmitted pulse charac-
terizes the compromise between range and Doppler resolutions.
In the MIMO radar, since many transmitting waveforms are
involved, their cross-ambiguity functions enter into the signal
design problem. In this paper, frequency hopping codes are used
to generate these orthogonal MIMO radar waveforms. A new
algorithm for designing the frequency hopping codes is proposed.
This algorithm makes the energy in the corresponding ambiguity
functions evenly spread in the range and angular dimensions. '

I. INTRODUCTION

The MIMO (multiple-input multiple-output) radar system
allows transmitting orthogonal (or incoherent) waveforms in
each of the transmitting antermas. In the traditional SIMO
(single-input multiple-output) radar, the system can only trans-
mit scaled versions of a single waveform. Tt has been shown
that the MIMO radar has several advantages over SIMO radar
including high spatial resolution [1], excellent interference
rejection capability [2], improved parameter identifiability [3],
and enhanced flexibility for transmit beampattern design [4].

The waveform design problem m SIMO radar has been well
studied Several waveform design methods have been proposed
to meet different resolution requirements. These methods can
be found in [¥] and the references therein. In the traditional
SIMO radar system, the radar recever uses a matched filter to
extract the target signal from thermal noise. Consequently, the
resolution of the radar system is determined by the response to
a point target in the matched filter output. Such a response can
be characterized by a function called the ambiguity function
[8]. Recently, San Antonio, et al. [5] have extended the radar
ambiguity function to the MIMO radar case. It furns out that
the radar waveforms affect not only the range and Doppler
resolution but also the angular resolution.

The MIMO radar ambiguity function characterizes the reso-
lutions of the radar system. By choosing different waveforms,
we obtaimn a different MIMO ambiguity function. Therefore the
MIMO radar waveform design problem is to choose a set of
waveforms which provides a desirable MIMO ambiguity fune-
tion. Directly optimizing the waveforms requires techniques
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such as calculus of variation In general this can be very
hard to solve. Instead of directly designing the waveforms,
we can impose some structures on the waveforms and design
the parameters of the waveforms. As an example of this idea,
the pulse waveforms generated by frequency hopping codes
are considered in this paper. These pulses have the advantage
of constant modulus. We will show how to optimize the
frequency hopping codes to obtain good system resolutions.
The corresponding optimization problem can be solved by a
simulated annealing algorithm [6].

The rest of the paper is organized as follows. Tn Section T,
the MIMO radar ambiguity fimction will be briefly reviewed.
In Section 111, we derive the MIMO radar ambiguity function
when the pulse trains are transmitted. In Section IV, we define
the frequency hopping pulse waveforms mn MIMO radar and
derive the corresponding MIMO ambiguty function. In Sec-
tion V, we formulate the frequency-hopping code optunization
problem and show how to solve it. Tn Section VI, we test the
proposed method and compare its ambiguity function with
the LFM (linear frequency modulation) waveforms. Finally,
Section VII concludes the paper.

II. REVIEW OF THE MIMO RADAR AMBIGUITY
FuncTION

In a SIMO radar system, the radar ambiguity function is
defined as [8]

(7, )| £ / Wty (t 4+ T)er | ()
where u(¢) 1s the radar waveform. This two-dimensional
function indicates the matched filter output in the receiver
when a delay mismatch 7 and a Doppler mismatch v occur.
The value |x(0, 0| represents the matched filter output without
any mismatch. Therefore, the sharper the function |x(7,#)|
around (0, 0), the better the Doppler and range resolution.

The idea of radar ambiguity functions has been extended
to the MIMO radar by San Antonio et al. [5]. In this section,
we will briefly review the defimtion of MIMO radar ambiguity
functions. We will focus only on the linear array case as shown
m Fig. 1. We assume the transmitter and the receiver are par-
allel linear arrays in the same location. The antenna location
of the mth transmitting antenna 1s denoted by IT,m% and
the antenna location of the nth receiving antenna is denoted
by z R,m%, where A is the wavelength. The function u;(%)
indicates the radar waveform emitted by the ith transmitter.

Consider a target at (7, v, f5) where 7 is the delay corre-
sponding to the target range, v is the Doppler frequency of the
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Fig. 1. MIMO radar scheme.

target, and f5 is the normalized spatial frequency of the target.
The demodulated target response in the nth antenna element
18 proportional to

M—1

y;rl,y,fﬁ (t) = Z um(t - T)ejQTthejQTrfs (e, m+TR,n) .

m=0
forn=0,1,--- ,N — 1, where N is the mumnber of receiving
antennas, Un,,(t) 13 the radar waveform emitted by the mth

antenna and M 1s the number of transmitting antennas. Define
the function

N1 = T
Mo fu /o) = X [ gty o
n=0 " T

We would like this to be large when (r,v, f5) = (7,17, f])
and small otherwise. We call this the overall matched filter
response. Tt can be simplified to the form

P(T,I/, fSaT!aVraf;)

N-—-1
_ (Z eIt (fe —f;)xm> :

J\T;I:—OIM—l oo
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ejETr(yfi/’)tdt . ej?rr(fszT,mff;IT,m/))

The first part in the right hand side of the equation represents
the spatial processing n the receiver, and it 1s not affected by
the waveforms {u.,,.(¢)}. The second part in the right hand side
of the equation indicates how the waveforms {u,,(¢)} affect
the spatial, Doppler and range resolutions of the radar system.
Therefore, we define the MIMO radar ambiguity function
as

X(T:V:fs:f;) &

M—-1M-1

Z Z Xm,mf(T,I/)ejzw(fﬁwﬂm_fgxﬁm/)? (2)

=0 m=0

where
K UF o) = / U ()2, (L + T)e? ™ L, (3

Note that the MIMO radar ambiguity function can not be
expressed as a function of the difference of the spatial
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frequencies, namely f, — f.. Therefore, we need both the
target spatial frequency f and the assumed spatial frequency
f! to represent the spatial mismatch. We call the function
Xm,m/(T,) the cross ambiguity function because it 1is
similar to the SIMO ambiguity function defined in (1) except
it involves two waveforms u,,.(¢) and u,, (). Fxing v and
v in (2), one can view the ambiguity function as a scaled
two-dimensional Fourier transform of the cross ambiguity
function X, . (7, 1) on the parameters m and m’. The value
|x(0,0, fs, f5)| represents the matched filter output without
mismatch. Therefore, the sharper the function |x(7, ¥, fs, f1)|
around the line {(0,0, f,, fo)} (Sec. V), the better the radar
system resolution.

ITII. PULSE MIMO RADAR AMBIGUITY FUNCTION

In this section, we derive the MIMO radar ambiguity
function for the case when the waveform w,,(t) consists
of the shifted versions of a shorter waveform ¢,,(¢). In
this case, the pulse design problem becomes choosing the
waveform ¢.,,(¢) to obtain a good MIMO ambiguity function
x(7,v, fs, 1), Therefore, it is important to study the relation
between the MIMO ambiguity function and the pulse ¢,,,(%).
Since modulation and scalar multiplication will not change the
shape of the ambiguity function, for convenence, we write the
transmitted signals as

() = 3 bl — Th) @

=0

Note that the duration of ¢,,.(t), namely T, is small enough
such that Ty < min(|T;—T ). To obtamn the relation between
() and the MIMO ambiguity function x(r,v, fs, f1), we
first derive the cross ambiguity function. Using (3) and (4)
and changing variables, the cross ambiguity function can be
expressed as

Xm,m’(Ta V) =
L—1L-1

> / DD, (¢ + T} — Ty + 1) gy
V=0 i=0"
L—1L-1
=3 SN+ T = Ty, )T, &)
/=0 =0

where Xf; o Ty ) 15 defined as the cross ambiguity function
of the pulses ¢,,(t) and ¢,/ (%), that is,

Ty ;
Xf;,m, (t,v)y = / e (D1 (t + T ™ 4L,
0
We assume that the Doppler frequency v and the support of

pulse T are both small enough such that Tyr =~ 0. So the
above the equation becomes

Ty
X T / bt + )21 (), (6)

where T:i e tT) 18 the cross correlation between ¢, (1) and
s (). Thus, the cross ambiguity function reduces to the cross



correlation fumction and it 13 no longer a function of Doppler
frequency . Substituting the above result mto (5), we obtain

L—-1L-1

SNt T T T)et ()

=0 I=0

Xy, (T, 1) 72

For values of the delay 7 satisfying |7| < min(|T;—
the shifted correlation function satisfies

(r+I1-Ty) =

Ty])— T,

mm"

f el T)dhy (b 4+ 7+ Ty — Ty )dt = 0,

when ! # /. For |7| > min(|T; — Ty|) — Ty, the response in
the ambiguity function is created by the second trip echoes.

This amblgulty is called range folding. Such ambiguity can be
resolved by using a different pulse repetition frequency (PRF)
from time to time. We will not address this ambiguity mn this
paper. We will focus on the ambiguity function only when

|7| < min(|T; — Ty|) — Tg. In this case, we have
L—1
Nove,mt! (T, V) jacd Tf; - (T) Z ejQ?rVTg .
=0

Notice that the Doppler processing is separable from the
correlation function. This 135 because of the assumption that
the duration of the pulses Ty and the Doppler frequency v are
small enough so that Ty ~ 0. This implies that the choice of
the waveforms {¢.,,(¢)} does not affect the Doppler resclution.
Using the definition of MIMO ambiguity function (2), we have

X(T:V?fsaf;) =

M—-1M-1 L—1
JQTF(stT ™ f Tt ) JEm/T,;
E E 'rm -’ e B €
m=0 m =0 =0

for |7| < min{|T; — Ty|) — Ty,

The preceding analysis clearly shows how the problem of
waveform design should be approached. The MIMO ambiguity
function depends on the cross correlation functions T o (T,
Also, the pulses {¢,(2)} only affect the range and spatlal res-
olution. They do not affect the Doppler resolution. Therefore,
to obtamn a sharp ambiguty function, we should design the
pulses {¢,,(¢)} such that the function

M-1M-1

A bt 2D D00
m=0 m’=0

is sharp around the line {{7, fs,f)‘ﬁ' =0,fs = fI} For

M =1, the signal design problem reduces to the special case

of the SIMO radar. Tn this case, equation (8) reduces to the

autocorrelation function

Q7 fs f;) = Tg),O(T)‘

Thus in the SIMO radar case, the signal design problem is
to generate a pulse with a sharp autocorrelation. The linear
frequency modulation (LFM) signal is an example which has
a sharp autocorrelation [8]. Besides its sharp autocorrelation
function, the LFM pulse can be conveniently generated and it
has constant modulus. These reasons make the LFM signal a
very good candidate in a pulse repetition radar system. For the

(TyedPrlfsmrm=fienm) (g)

MIMO radar case which satisfies M > 1, we need to consider
not only the autocorrelation functions but also the cross
correlation functions between pulses such that {7, {5, f!) can
be sharp.

IV. FREQUENCY HOPPING PULSES

Instead of directly designing the pulses, we can impose
some structures on the pulses and design the parameters of the
pulses. As an example of this 1dea, we now consider the pulse
generated by frequency hopping codes. In tlhis section, we
derive the MIMO radar ambiguity function of the frequency
hopping pulses. These pulses have the advantage of constant
modulus. The frequency hopping pulses can be expressed as

Q-1
Pralt) = Y T BT g a(t — gA), &)
g=0
where
a1, te]0,AD
1[O’At)(t) B { 0, otherwise,

€mq €10,1, -, K — 1} 13 the frequency hopping code, and
&) 1s the length of the code. The duration of the pulse 1s Ty =
(AL, and the bandwidth of the pulses 1s approximately
1
(K —DAf+ Az
To maintamn the orthogenality, the code {c,, o} satisfies

Crm,q 7 Craf,q> fOT M m’, vy (10)

AtAf = 1.

Now instead of directly designing the pulses ¢.,,(¢), the signal
design problem becomes designing the code ¢y for m =
0,1, , M —1and ¢ = 0,1,--+,8 — 1. Recall that our
goal is to design the transmitted signals such that the function
Qf7, fs, f) in (8) is sharp (as explained in Sec. V). So, we
are interested in the expression for the function Q(7, fs, f1)
in terms of {¢,, ,}. To compute the function (7, fs, f). we
first compute the cross correlation function v ¢, (7). By using
(9) and (6), it can be expressed as '

Ti’@’m, ()= an
0-1Q-1

S S 00 g A
=0 ¢'=0

lejQWAf(cm,q—cm/’ ¢ )thejQWAfcm/’p;T’
where ¥"®°(7,1) is the SIMO ambiguity function of the
rectangular pulse 1o as(%), given by
At
X7, 2 / o, a6 (t) L, a8t + Te?*™dt (12)
0

_ { 2t lsine (n(At — |r])) /™ (THAE G 7] < Al

0, otherwise.
Substituting (11) into (8), we obtain

Q(T f&f!) =

M-1 - ¢
Z Z XI’GC

we,mi=04q,5"=0

(7' — DAL, (m,g — e g ) AS)

lejQTFAf(cm,q—cm;ﬂ;)thejQWAfcm;ﬂ;TejQW(fsa:xm—f;IT)m;).
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Define 7 = kAt + 7, where |5 < At. By using the fact that

r‘3Ct(7' v) = 0 when |r| > At, the above equation can be
further simplified as

QEAL+1, fo, 1) =
M-1 Q-1

t
X, Zxrec (1 (emg = Cmi g 11)AS)
m,mi=0 g=
,eaznAfcmf,q+k(kAt+n)eﬁwf(':mfcmaqmqm

(13)

I (Ferr Bz mt)

The next step is to choose the frequency hopping code {¢., 4
such that the function {(r, f., f1) is sharp around {0, f., f. }.
We will discuss this in the following section.

V. OPTIMIZATION OF THE FREQUENCY HOPPING CODES

In this section, we introduce an algorithm to search for
frequency hopping codes which generate good MIMO am-
biguity functions. By using (8) and the orthogonality of the
waveforms, we have

M-1

Q(0>fs>fs) = Z 5m,m

m,m’=0

sl i fs B m— s ) — A

S0, we know that the function $}(7, £, f.) is a constant along
the line {0, f, f; }, no matter what codes are chosen. To obtain
good system resolutions, we need to eliminate the peaks in
|2, fs, f1)| which are not on the line {0, f., /s +. This can be
done by imposing a cost function which puts penalties on these
peak values. This forces the energy of the function Q(7, f., f!)
to be evenly spread in the delay and angular dimensions. As
an example of this, we minimize the p-norm of the function

Q(7, fs, f1). The corresponding optimization problem can be
expressed as

ming f,(C) (14)
subject o C e {0,1,--- , K — 1}M%
Crmg F Cmt . TOr m # m/,
where
oo 1 1
ez [ e s sl as)

Note that a greater p imposes more penalty on the higher
peaks. The feasible set of this problem is a discrete set. It is
known that simulated annealing algorithm is very suitable for
solving this kind of problems [6]. The simulated annealing al-
gorithm runs a Markov chain Monte Carlo (MCMC) sampling
on the discrete feasible set [7]. The transition probability of
the Markov chain can be chosen so that the equilibrium of the
Markov chain is

Tp(C) = Ziexp(%(c)), where
T
Zr = Zexp(%(c)). (16)
3]

Here T' is a parameter called temperature. By running the
MCMC and gradually decreasing the temperature T, the
generated sample C will have a high probability to have

a small cost function output [6]. In our case, the transition
probability from state €' to €' is chosen as

p(C,C) =
1 min(1, exp( 28— fe(C ) I i
1— 15 omin(l,exp(&Czfl@0yy - ir o' = ¢
otherwise,

3

where C/ ~ C denotes that C’ and C differ in exactly one
element, and d denotes ‘{C’|C’ - C}‘ It can be shown
that the chosen fransition probabilities result in the desire
equilibrium in (16).

VI. DESIGN EXAMPLES

In this section, we present a design example using the pro-
posed method. In this example, we consider a uniform linear
transmitting array. The number of transmitted waveforms M
equals 4. The length of the frequency hopping code &) equals
10. The number of frequencies K equals 15. Without loss of
generality, we normalize the pulse duration Ty to be unity.
By using (10), we obtain that the time-bandwidth product
KA fQAt = 150. Fig. 2 shows the real parts of the waveforms
generated by the proposed algorithm. For comparison Fig. 3
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Fig. 2. Real parts of the waveforms obtained by the proposed method.

shows the real parts of orthogonal LFM waveforms. In this
example, these LFM waveforms have the form

b (t) = exXp(J27 fin ot + jrht®),
100

where £ = 100, fog = 0, fio = %, fao = =, and
fa.0 = 50. By choosing different initial frequencies, these
LFM waveforms can be made orthogonal. These parameters
are chosen so that these LFM waveforms occupies the same
time duration and bandwidth as the waveforms generated by
the proposed method. Fig. 4 shows a result of comparing the
functions |Q(7, f., fI)|. We take samples from the function
|2(T, fs, f1)] and sort these samples in descending order. Fig.
4 shows the first ten percent of these samples. We have
normalized the highest peak to O dB. In other words, this figure
shows the percentage of samples of [{¥(, f;, f1)| equal to a
fixed amplitude S, for various #. The results of the proposed
method, randomly generated frequency hopping codes, and the
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LFM waveforms are compared in the figure. One can see that
the proposed frequency hopping signals yield fewest undesired
peaks among all the waveforms. The video which shows the
entire function |[Q{7, fs, £ (& plot in (fs, fI) plane as a
function of time 7) can be downloaded from [9]. Fig. 5 shows

0 T T
: : = = = Proposed method

-5 : : reeno |nitial code

B (dB)

Sorted sample (%)

Fig. 4. Sorted samples of |2(T, fs, f2) .

the cross correlation functions rd’ o (T) of the waveforms
generated by the proposed algorlthm Fig. & shows the cross
correlation functions r® (7} of the LFM waveforms. One
camn observe that for the proposed waveforms, the correlation
functions T . (7) equal to unity when m = m’ and 7 = 0.
Except at these pomts, the correlation functions are small
everywhere. However, for the LFM waveforms, the correlation
fimctions have several extraneous peaks. These peaks also
form peaks m the ambiguity function.
VII. CONCLUSIONS

In this paper, we have introduced a waveform design method
for MIMO radars. This method is applicable to the case
where the transmitted waveforms are orthogonal and consist of
multiple shifted narrow pulses. The proposed method applies
the simulated annealing algorlthm to search for the frequency
hopping codes which minimize the p-norm of the ambiguity
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fumction. The numerical examples show that the waveforms
generated by this method provide better angular and range
resolutions than the LFM waveforms which have often been
used in the traditional SIMO radar systems. In tlus paper, we
have presented the results only for the case of linear arrays.
Nevertheless it is possible to further generalize these results
for multi-dimensional arrays.
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