FRACTION AL BIORTHOGONAL PARTNERS AND APPLICATION IN SIGNAL
INTERPOLATION

BojanVrcdj andP. P. Vaidyanathan

Dept. of ElectricalEngr. 136-93 Caltech,PasadenaCA 91125,USA
E-mail: bojan@systems.caltech.egypvnath@ystems.caltech.edu

ABSTRACT

Theconcept of biorthogonabpartnershasbeenintroducedrecently
by theauthors.Thework presentedh this paperis anextensionof
someof theseresultsto the casewherethe upsamplinganddown-
samplingratiosare not integershbut rationalnumbers.Hencethe
namefractionalbiorthogonalpartners.The conditionsfor the ex-
istenceof stableand of FIR fractional biorthogonalpartnersare
derived. This resultgivesrise to an all-FIR spline interpolation

techniquewith the minimum amountof requiredoversampling.

Thistechnige s illustratedby aninterpolationexample

1. INTRODUCTION

Theconcet of biorthogonabpartnershasbeenintroducedrecently
by theauthorsin boththe scalar[5] andthevectorcase[8]. Digi-
tal Iters H (z) andF (z) arecalledbiorthogonalpartnersof each
other with respectto an integer M if their cascadeH (z)F (z)
obeys the Nyquist(M ) property Thereis a strongconnetion be-
tweenthis de nition anddiscretesignalsoversampledy theinte-
geramountM . In this paperwe presentan extensionof the same
reasonindo signalsoversampledby fractionalamountsThisgives
riseto thede nition of fractional biorthogonalpartners(FBPs in
thefollowing).

We rst provide a motivation for the study of FBPsandgive
theirformalde nition. Next we shav awayto construcfractional
biorthogonapartners.This discussiorleadsto deriving thecondi-
tionsfor the existenceof FIR FBPsandof stableFBPs.After that
we shav oneof theapplicatiors of theseresultsnamelythe cubic
splineinterpolation. We shaw thatit is possibleto interpolatea
slightly oversampledmageusingexclusively FIR ltering. Some
of theotherapplicationsof FBPs,includingtheusein fractionally
spacedqualizer{FSEs)areexploredin [7].

1.1. Notations
If notstatedotherwiseall notationsareasin [3]. We usetheencir

cledsymbol# M to denotethe decimdion operation(turnsx(n)
into x(M n)). Theexpardedversionof x(n)

: x(n=M) forn = mulofM;
0 otherwise

is similarly obtainedasa resultof theexpanderoperationwhichis
denotedby theencircledsymbol” M .
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Fig. 1. Exampleof a generatingunction A(t) (cubicspline)and
its threetimes“stretched versionf (t).

2. FRACTIONAL BIORTHOGONAL PARTNERS

Biorthogonalpartnersasoriginally introducedn [5] arisein mary
differentcontexts. Oneof themis thereconstructiorof continuous
time signalsadmittingthe model

x(t) =
k=il

(KAt k): 1)

Supposewe are given the discretetime signal y(n) that is ob-
tainedby samplingx(t) from (1) attherateL=M, i.e. y(n) =
x(nM =L). For olvious reasonsve will assumehatM andL
areco-prime. We shallseelater thatfor the purposeof this paper
L > M isrequiredaswell, althoughin principleit is not neces-
sary Now, we cansaythaty(n) is obtainedby oversamplingx(t)
with respecto the usualintegral samplingstrateyy by a factorof
L=M . Thenwe have

v = X = AT
= 7 f (M kL); @
k=il

wheref (t) 2 A(t=L) is thegeneratindunction“stretched’by a

L
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Fig. 2. (a) Signalmodel.(b) Schemdor reconstruction.
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Fig. 3. (a)-(b) Equivalentpresentationsf fractionalbiorthogonabpartners.

factorof L. Thisis shavn in Fig. 1 for the casewhereA(t) is a
cubicspline[1] andL = 3. Thesignaly(n) from (2) canthusbe
obtainedasshawvn in Fig. 2(a). The problemof signalreconstruc-
tion canbe consideredhsthatof nding thedriving sequence(n)
giventhediscretesignaly(n). Obviously, if the sequence(n) is
known, reconstructiorof x(t) for ary givent follows from (1).

We look for the solutionof the form shawvn in Fig. 2(b). We
will shav thatundersomemild assumptionshis solution[i.e. |-
terH (z)] exists. Further we establistthe conditionsunderwhich
foranFIR Iter F(z) thecorrespondingeconstructioniter H (z)
canbeFIR aswell.

2.1. De nition

The precedingdiscussiorleadsnaturallyto the de nition of frac-
tional biorthogonalpartners.

De nition. TransferfunctionH (z) is saidto be aright frac-
tional biorthogonal partner (RFBP) of F (z) with respectto the
fractionL=M if the systemshown in Fig. 3(a)is identity. Under
theseconditionsF (z) is alsosaidto be a left fractional biorthog-
onal partner (LFBP) of H (z) with respecto L=M .

This de nition includesthe notion of (integral) biorthogonal
partnerd5] asaspecialcasewhenM = 1. Notethatthe system
in Fig. 3(a)becomedineartime invariant(LTI) in thespecialcase
M = 1, while in generals not. Also, notethat(asopposedo the
M = 1 case)we needto distinguishbetwea left andright FBPs.
However, the resultsthat hold for RFBPscanbe easilymodi ed
to accommaate LFBPs, andthereforewe only focuson RFBPs
in thefollowing. If thefractionL=M is changedthetwo Iters
may notremainfractionalbiorthogonapartnersput we will avoid
mentioningthis factorwheneer no confusionis anticipated.

Now, returningto the previous discussionwe seethatthe re-
constructiorof x(t) givenby themodel(1) from its samples/(n)
obtainedatrateL=M is possiblef F (z) hasastableRFBPH (z).
It is possibleto performan FIR reconstructiorif thereexists an
FIR RFBR In the following we describea way of constructing
fractional biorthogonalpartners.As a resultwe will have condi-
tionsfor the existenceof anFIR or just stableFBPs.

2.2. Existenceand construction of FBPs

Considerthe systemin Fig. 3(a). Write the lters F(z) andH (z)
in termsof their Type-2andType-1polyphasecomponent$3]

X 1 i 1
F(z")z"; andH(z) =
k=0 k=0

F(2) = He(z5)Z % 3)
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Fig. 4. (a)-(b) Somemultirateidentities.

Thenwe canredrav this systemas shovn in Fig. 3(b). Now,
considerthe left-handside of Fig. 3(b) andfocuson the system
betweerthe outputof theith Iter F;(z) andy(n). Thisis given
by acascadef anexpanderby L, advane operatorz' andadeci-
matorby M . Sinceweassumed/ andL areco-prime thereexist
integersm and| suchthat

IL+mM = 1 4)

In fact,theuniquesolutionfor thesmallesm andl canbeobtained
by the Euclid's algorithm. Writing the delayz' = z'"“ ¢z™ |
we can easily prove the multirate identity depictal in Fig. 4(a).
Similarly, we canshaw thatthesystenmbetwea y(n) andtheinput
to Hi(z) canbeequiaently redravn asin Fig. 4(b).
Therefore,substitutingthosechangesn Fig. 3(b) we obtain
theequvalentstructureshavn in Fig. 5(a). Let usnow de ne

Pe(2) £ 2Fi(2); and Qu(2) £ 20 “Hi(z);  (5)

forO- k- Lj 1. SinceL andM areco-prime,it followsthatL

andm areco-primeaswell. Underthesecircumstance# canbe
shown thattheL £ L systemshavn in Fig. 5(a)within thedashed
box is the identity. Thus,the whole structurecanbe redravn as
in Fig. 5(b). It is importantto notice herethatthe original Iters

F (z) andH (z) areFIR if andonly if thebankof lters f Py (z)g

andf Qk (z)g areFIR for all k. The structurefrom Fig. 5(b) is an
L -channel,uniform, nonmaximallydecimatedlIter bank. In our
settingoneside (analysisor synthesispf this Iterbank is usually
known, andthetaskis to constructhe othersidesothatthewhole
systemhasperfectreconstructio{PR)[3] property For example,
in the problemof signalreconstructionfF (z) andthusf Py (z)g

areknown andthegoalisto nd thecorrespondingynthesidank
f Qk (z)g. Recallthatat the sametime this is exactly the problem
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Fig. 5. (a)-(c) Furthersimpli cations of fractionalbiorthogonalpartners.

of constructinga RFBP H (z), sinceit is uniquelyde ned by the
Iters fQk(z)g. The solutionto theseproblemsis well-known
to the signalprocessingcommunity First, we de ne theL £ M
analysisandthe M £ L synthesigolyphasematriceskE (z) and
R (z) respectiely

EO;O(Z) EO;l(Z) (X8 Eo;M i 1(2)
E E10(2) Eri(z) ¢ Eim;1(2) z
E(Z)= . . . . ;
5 EL; 1.;0(2) EL; 1.;1(2) ¢¢¢ELi l:lv.l i 1(2)
Ro;o(Z) Ro;l(Z) ¢ee RO;Li 1(2)
Rl;O(Z) Rl;l(z) cee Rl;Li 1(2)
R(z):g : . : . z (6)

Rmi 1:0(2) Rmi 1;1(2) ®6¢Rwm; 114 1(2)

with the Type-1and Type-2 polyphasecomponats (of orderM
thistime) Ei; (z) andR;; (z) de ned by

NKi 1 , i 1 ,
P«(z) = Exj (z")z"); and Qu(2) = Rix (2")2';
j=0 i=0
7
forO- k- L j 1. Now thesystemof Fig. 5(b) canbe equva-

lently redravn asin Fig. 5(c). We seethatthe problemof nding
a RFBP of F (z) becomesquialent to thatof nding aleft in-
verseR (z) ofanL £ M matrix E(z). Obviously, whenlooking
for a LFBPR, we would nd aright matrix inverseof R (z). Now
it shouldbe clearwhy we have includedL > M in our problem
formulation. Basedon these ndings we prove thefollowing the-
orem.

Theorem. GiventhetransferfunctionF (z) andtwo co-prime
integersL andM , thereexists a stableright fractionalbiorthogo-
nal partnerof F (z) if andonlyif L > M, andthe minimumrank
of E(¢") pointwisein ! isM . ForanFIR lter F(z) thereexists
anFIR right fractionalbiorthogonabpartnerif andonlyif L > M,
andthe greatescommondivisor (gcd) of all theM £ M minors
of E(z) is adelay Here,the polyphasematrix E(z) is de ned by
(6)-(7). Analogousresultshold for left FBPsaswell.

Proof. We have shavn thatthereexistsastable(FIR) RFBPof
F (z) if andonly if thereexists a stable(polynomial)left inverse
of a (polynomial) matrix E(z). We know that fat matriceshave
no left inverse,sowe immediatdy have L > M asanecessary
condition. Next, for the inverseof E(¢') to be stable,we need
thefull columnrankof E(€' ) pointwisein ! , whichis thesame
assayingthatthe minimumrankoverall ! is M . Finally, from
thelinear systemgheorywe know thatthereis a left polynomial
inverseof aL £ M polynomialmatrixif andonly if thegcdof all
itsM £ M minorsis adelay[4, 9]. 555

In the next sectionwe consideroneof the applicaions of this
theory namelythe splineinterpolationof discretesignalsby using
only FIR lters. Someotherapplicationssuchasthe equaliation
of communicatiorchannelsaretreatedelsavhere[7].

3. INTERPOL ATION OF OVERSAMPLED SIGNALS

Givenadiscretetime signalx(n) anda function A(t), we canal-
mostalways assumehatx(n) is obtainedoy samplingthe contin-
uoustime signalx(t) givenby themodel(1) atintegers

x(n) = (KA k):

k=il



Theonly conditionis that©(€' ), thediscretetime Fouriertrans-
form of A(n) is nonzerofor all ! [5]. This follows from the fact
that in the Fourier domainwe can write the above equationas
X (é') = ©(')C(¢"), andthereforecan obtain the driving
coefcients c(n) viatheinverse ltering 1=©(¢'' ), if stable.This
driving sequenceanthenbe employed for signalreconstruction
asin (1) or for the interpolation of discretesignals. The signal
x(n) interpolatecby anintegral factorK is obtainedby sampling
x(t) from (1) K timesmoredenselythanat integers. Thus, the
nal stageof the interpolationprocesss shavn in Fig. 6, with

Ac (t) £ A(t=K ). While in principle A(t) canbe choserio be

H@H —

Fig. 6. The nal stageof cubicsplineinterpolation:Ax (n) is the
cubicsplineoversampledy K .

Fig. 7. FIR interpolationexample:aregion of theimageoversam-
pledby 6=5 andits cubicsplineinterpolationwith FIR lters.

justaboutary function,variousresearchersave traditionallyused
continuouslydifferentiableinterpolatingfunctions suchas cubic
splines[1] to insuresomesmoothnespropertiesof the resulting

interpolant. The cubic splineandits oversampledrersionAg (t)
for K = 3 areshawvnin Fig. 1. Unfortunatelyin the cubicspline
casetheinverse Itering 1=9(¢’' ) is IIR andnoncausa[2] and
somerecursve methodseedto beused.

In theearlierwork[5] it hasbeenshaovn thatcubicsplineinter-
polationis achievableby FIR ltering if theoriginal signalx(t) is
sampledat twice theintegral rateto producex(n). However, fol-
lowing the discussiorin Sec.2.2it is possibleto performtheall-
FIR interpolationif x(t) is oversampledy just a fractionL=M .
By makingL = M + 1 andchoosingM large enoughthis over
headcanbe madearbitrarily small.

In our examplein Fig. 7weusedL = 6 andM = 5. The
smallerimageis a portion of the Parrots image,oversampledy
6=5. In otherwords, this signal satis esthe modelin Fig. 2(a).
Thedriving sequence(n) wasobtainedasin Fig. 2(b) usingthe
FIR lter H (z). Theinterpolationasin Fig. 6 wasthenperformed
with K = 2, andtheresultis shavn in Fig. 7. Note that this
procedureproduceghe exad cubic splineinterpolantasopposed
to anotherall-FIR methoddescribedn [6].

4. CONCLUDING REMARKS

FractionalbiorthogonabartnergFBPs)represent naturalexten-

sionof thetraditionalbiorthogonapartnersde ned for theinteger
upsamplinganddovnsamplingratios. In this papemwe have intro-

ducedthe notion of FBPsand presentedh way of their construc-
tion. The existenceissuesfor FIR andfor stableFBPshave also
beentreated.Lastly, we have provided oneexamplewhereFBPs
canoccut namelythe all-FIR interpolationof slightly oversam-
pledsignals.
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