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ABSTRACT

Theconcept of biorthogonalpartnershasbeenintroducedrecently
by theauthors.Thework presentedin thispaperis anextensionof
someof theseresultsto thecasewheretheupsamplinganddown-
samplingratiosarenot integersbut rationalnumbers.Hencethe
namefractionalbiorthogonalpartners.Theconditionsfor theex-
istenceof stableandof FIR fractionalbiorthogonalpartnersare
derived. This result gives rise to an all-FIR spline interpolation
techniquewith the minimum amountof requiredoversampling.
This technique is illustratedby aninterpolationexample.

1. INTRODUCTION

Theconcept of biorthogonalpartnershasbeenintroducedrecently
by theauthorsin boththescalar[5] andthevectorcase[8]. Digi-
tal �lters H (z) andF (z) arecalledbiorthogonalpartnersof each
other with respectto an integer M if their cascadeH (z)F (z)
obeys theNyquist(M ) property. Thereis a strongconnection be-
tweenthis de�nition anddiscretesignalsoversampledby theinte-
geramountM . In this paperwe presentanextensionof thesame
reasoningtosignalsoversampledby fractionalamounts.Thisgives
rise to thede�nition of fractionalbiorthogonalpartners(FBPs in
thefollowing).

We �rst provide a motivation for the studyof FBPsandgive
their formalde�nition. Next weshow awayto constructfractional
biorthogonalpartners.Thisdiscussionleadsto deriving thecondi-
tionsfor theexistenceof FIR FBPsandof stableFBPs.After that
weshow oneof theapplicationsof theseresults,namelythecubic
spline interpolation. We show that it is possibleto interpolatea
slightly oversampledimageusingexclusively FIR �ltering. Some
of theotherapplicationsof FBPs,includingtheusein fractionally
spacedequalizers(FSEs)areexploredin [7].

1.1. Notations

If notstatedotherwise,all notationsareasin [3]. Weusetheencir-
cledsymbol# M to denotethedecimation operation(turnsx(n)
into x(M n)). Theexpandedversionof x(n)

n
x(n=M ) for n = mul of M ;
0 otherwise

is similarly obtainedasaresultof theexpanderoperationwhich is
denotedby theencircledsymbol" M .
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Fig. 1. Exampleof a generatingfunctionÁ(t) (cubicspline)and
its threetimes“stretched”versionf (t).

2. FRACTION AL BIORTHOGONAL PARTNERS

Biorthogonalpartnersasoriginally introducedin [5] arisein many
differentcontexts. Oneof themis thereconstructionof continuous
timesignalsadmittingthemodel

x(t) =
1X

k = ¡1

c(k)Á(t ¡ k): (1)

Supposewe are given the discretetime signal y(n) that is ob-
tainedby samplingx(t) from (1) at the rateL=M , i.e. y(n) =
x(nM =L). For obvious reasonswe will assumethat M and L
areco-prime.We shallseelater that for thepurposeof this paper
L > M is requiredaswell, althoughin principle it is not neces-
sary. Now, wecansaythaty(n) is obtainedby oversamplingx(t)
with respectto theusualintegral samplingstrategy by a factorof
L=M . Thenwehave

y(n) = x(
M
L

n) =
1X

k = ¡1

c(k)Á(
M
L

n ¡ k)

=
1X

k = ¡1

c(k)f (M n ¡ kL ); (2)

wheref (t)
4
= Á(t=L ) is thegeneratingfunction“stretched”by a
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Fig. 2. (a)Signalmodel.(b) Schemefor reconstruction.
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Fig. 3. (a)-(b)Equivalentpresentationsof fractionalbiorthogonalpartners.

factorof L . This is shown in Fig. 1 for the casewhereÁ(t) is a
cubicspline[1] andL = 3. Thesignaly(n) from (2) canthusbe
obtainedasshown in Fig. 2(a).Theproblemof signalreconstruc-
tion canbeconsideredasthatof �nding thedriving sequencec(n)
giventhediscretesignaly(n). Obviously, if thesequencec(n) is
known, reconstructionof x(t) for any givent follows from (1).

We look for thesolutionof the form shown in Fig. 2(b). We
will show thatundersomemild assumptionsthis solution[i.e. �l-
terH (z)] exists.Further, we establishtheconditionsunderwhich
for anFIR �lter F (z) thecorrespondingreconstruction�lter H (z)
canbeFIR aswell.

2.1. De�nition

Theprecedingdiscussionleadsnaturallyto thede�nition of frac-
tionalbiorthogonalpartners.

De�nition. TransferfunctionH (z) is saidto bea right frac-
tional biorthogonal partner (RFBP)of F (z) with respectto the
fractionL=M if thesystemshown in Fig. 3(a) is identity. Under
theseconditionsF (z) is alsosaidto bea left fractionalbiorthog-
onalpartner(LFBP)of H (z) with respectto L=M .

This de�nition includesthe notion of (integral) biorthogonal
partners[5] asa specialcasewhenM = 1. Note that thesystem
in Fig. 3(a)becomeslineartime invariant(LTI) in thespecialcase
M = 1, while in generalis not. Also, notethat(asopposedto the
M = 1 case)we needto distinguishbetween left andright FBPs.
However, the resultsthat hold for RFBPscanbe easilymodi�ed
to accommodateLFBPs,andthereforewe only focuson RFBPs
in the following. If the fraction L=M is changed,the two �lters
maynot remainfractionalbiorthogonalpartners,but wewill avoid
mentioningthis factorwhenever noconfusionis anticipated.

Now, returningto the previous discussionwe seethat the re-
constructionof x(t) givenby themodel(1) from its samplesy(n)
obtainedat rateL=M is possibleif F (z) hasastableRFBPH (z).
It is possibleto performan FIR reconstructionif thereexists an
FIR RFBP. In the following we describea way of constructing
fractionalbiorthogonalpartners.As a resultwe will have condi-
tionsfor theexistenceof anFIR or just stableFBPs.

2.2. Existenceand construction of FBPs

Considerthesystemin Fig. 3(a).Write the�lters F (z) andH (z)
in termsof theirType-2andType-1polyphasecomponents[3]

F (z) =
L ¡ 1X

k =0

Fk (zL )zk ; and H (z) =
L ¡ 1X

k =0

H k (zL )z¡ k : (3)
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Fig. 4. (a)-(b)Somemultirateidentities.

Then we can redraw this systemas shown in Fig. 3(b). Now,
considerthe left-handsideof Fig. 3(b) andfocuson the system
betweentheoutputof the i th �lter Fi (z) andy(n). This is given
by acascadeof anexpanderby L , advanceoperatorzi andadeci-
matorby M . SinceweassumedM andL areco-prime,thereexist
integersm andl suchthat

lL + mM = 1: (4)

In fact,theuniquesolutionfor thesmallestm andl canbeobtained
by the Euclid's algorithm. Writing the delayzi = zilL ¢zimM ,
we caneasilyprove the multirate identity depicted in Fig. 4(a).
Similarly, wecanshow thatthesystembetween y(n) andtheinput
to H i (z) canbeequivalently redrawn asin Fig. 4(b).

Therefore,substitutingthosechangesin Fig. 3(b) we obtain
theequivalent structureshown in Fig. 5(a).Let usnow de�ne

Pk (z)
4
= zk l Fk (z); and Qk (z)

4
= z¡ k l H k (z); (5)

for 0 · k · L ¡ 1. SinceL andM areco-prime,it followsthatL
andm areco-primeaswell. Underthesecircumstancesit canbe
shown thattheL £ L systemshown in Fig. 5(a)within thedashed
box is the identity. Thus, the whole structurecanbe redrawn as
in Fig. 5(b). It is importantto noticeherethat theoriginal �lters
F (z) andH (z) areFIR if andonly if thebankof �lters f Pk (z)g
andf Qk (z)g areFIR for all k. Thestructurefrom Fig. 5(b) is an
L -channel,uniform, nonmaximallydecimated�lter bank. In our
settingoneside(analysisor synthesis)of this �lterbank is usually
known, andthetaskis to constructtheothersidesothatthewhole
systemhasperfectreconstruction(PR)[3] property. For example,
in the problemof signal reconstruction,F (z) andthus f Pk (z)g
areknown andthegoalis to �nd thecorrespondingsynthesisbank
f Qk (z)g. Recallthatat thesametime this is exactly theproblem
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Fig. 5. (a)-(c)Furthersimpli�cations of fractionalbiorthogonalpartners.

of constructinga RFBP H (z), sinceit is uniquelyde�ned by the
�lters f Qk (z)g. The solution to theseproblemsis well-known
to thesignalprocessingcommunity. First, we de�ne theL £ M
analysisandthe M £ L synthesispolyphasematricesE(z) and
R (z) respectively

E(z) =

2

6
6
6
4

E0;0(z) E0;1(z) ¢¢¢ E0;M ¡ 1(z)
E1;0(z) E1;1(z) ¢¢¢ E1;M ¡ 1(z)

...
...

...
...

EL ¡ 1;0(z) EL ¡ 1;1(z) ¢¢¢ EL ¡ 1;M ¡ 1(z)

3

7
7
7
5

;

R (z) =

2

6
6
6
4

R0;0(z) R0;1(z) ¢¢¢ R0;L ¡ 1(z)
R1;0(z) R1;1(z) ¢¢¢ R1;L ¡ 1(z)

...
...

...
...

RM ¡ 1;0(z) RM ¡ 1;1(z) ¢¢¢ RM ¡ 1;L ¡ 1(z)

3

7
7
7
5

(6)

with the Type-1andType-2polyphasecomponents (of orderM
this time)E i;j (z) andR i;j (z) de�ned by

Pk (z) =
M ¡ 1X

j =0

Ek ;j (zM )z¡ j ; and Qk (z) =
M ¡ 1X

i =0

R i;k (zM )zi ;

(7)
for 0 · k · L ¡ 1. Now thesystemof Fig. 5(b) canbeequiva-
lently redrawn asin Fig. 5(c). We seethat theproblemof �nding
a RFBPof F (z) becomesequivalent to that of �nding a left in-
verseR (z) of anL £ M matrix E(z). Obviously, whenlooking
for a LFBP, we would �nd a right matrix inverseof R (z). Now
it shouldbeclearwhy we have includedL > M in our problem
formulation. Basedon these�ndings we prove thefollowing the-
orem.

Theorem. GiventhetransferfunctionF (z) andtwo co-prime
integersL andM , thereexistsa stableright fractionalbiorthogo-
nal partnerof F (z) if andonly if L > M , andtheminimumrank
of E(ej ! ) pointwisein ! is M . For anFIR �lter F (z) thereexists
anFIR right fractionalbiorthogonalpartnerif andonly if L > M ,
andthegreatestcommondivisor (gcd)of all theM £ M minors
of E(z) is a delay. Here,thepolyphasematrix E(z) is de�ned by
(6)-(7). Analogousresultshold for left FBPsaswell.

Proof. Wehaveshown thatthereexistsastable(FIR) RFBPof
F (z) if andonly if thereexists a stable(polynomial) left inverse
of a (polynomial)matrix E(z). We know that fat matriceshave
no left inverse,so we immediately have L > M asa necessary
condition. Next, for the inverseof E(ej ! ) to be stable,we need
thefull columnrankof E(ej ! ) pointwisein ! , which is thesame
assayingthat the minimum rank over all ! is M . Finally, from
the linearsystemstheorywe know that thereis a left polynomial
inverseof aL £ M polynomialmatrix if andonly if thegcdof all
its M £ M minorsis adelay[4, 9]. 5 5 5

In thenext sectionwe consideroneof theapplicationsof this
theory, namelythesplineinterpolationof discretesignalsby using
only FIR �lters. Someotherapplicationssuchastheequalization
of communicationchannelsaretreatedelsewhere[7].

3. INTERPOL ATION OF OVERSAMPLED SIGNALS

Givena discretetime signalx(n) anda functionÁ(t), we canal-
mostalwaysassumethatx(n) is obtainedby samplingthecontin-
uoustimesignalx(t) givenby themodel(1) at integers

x(n) =
1X

k = ¡1

c(k)Á(n ¡ k):



Theonly conditionis that©(ej ! ), thediscretetime Fouriertrans-
form of Á(n) is nonzerofor all ! [5]. This follows from the fact
that in the Fourier domainwe can write the above equationas
X (ej ! ) = ©(ej ! )C(ej ! ), and thereforecanobtain the driving
coef�cients c(n) via theinverse�ltering 1=©(ej ! ), if stable.This
driving sequencecanthenbe employed for signalreconstruction
as in (1) or for the interpolationof discretesignals. The signal
x(n) interpolatedby anintegral factorK is obtainedby sampling
x(t) from (1) K timesmoredenselythanat integers. Thus, the
�nal stageof the interpolationprocessis shown in Fig. 6, with

ÁK (t)
4
= Á(t=K ). While in principleÁ(t) canbechosento be

v

wOx&y"z {C|

x^}�z ~

x,•

|

z

Fig. 6. The�nal stageof cubicsplineinterpolation;ÁK (n) is the
cubicsplineoversampledby K .

Fig. 7. FIR interpolationexample:a regionof theimageoversam-
pledby 6=5 andits cubicsplineinterpolationwith FIR �lters.

justaboutany function,variousresearchershavetraditionallyused
continuouslydifferentiableinterpolatingfunctionssuchas cubic
splines[1] to insuresomesmoothnesspropertiesof the resulting

interpolant. The cubic splineandits oversampledversionÁK (t)
for K = 3 areshown in Fig. 1. Unfortunately, in thecubicspline
casethe inverse�ltering 1=©(ej ! ) is IIR andnoncausal[2] and
somerecursivemethodsneedto beused.

In theearlierwork [5] it hasbeenshown thatcubicsplineinter-
polationis achievableby FIR �ltering if theoriginal signalx(t) is
sampledat twice the integral rateto producex(n). However, fol-
lowing thediscussionin Sec.2.2 it is possibleto performtheall-
FIR interpolationif x(t) is oversampledby just a fraction L=M .
By makingL = M + 1 andchoosingM largeenough,this over-
headcanbemadearbitrarily small.

In our examplein Fig. 7 we usedL = 6 andM = 5. The
smallerimageis a portion of the Parrots image,oversampledby
6=5. In otherwords,this signalsatis�es the model in Fig. 2(a).
Thedriving sequencec(n) wasobtainedasin Fig. 2(b) usingthe
FIR �lter H (z). Theinterpolationasin Fig. 6 wasthenperformed
with K = 2, and the result is shown in Fig. 7. Note that this
procedureproducestheexact cubicsplineinterpolantasopposed
to anotherall-FIR methoddescribedin [6].

4. CONCLUDING REMARKS

Fractionalbiorthogonalpartners(FBPs)representa naturalexten-
sionof thetraditionalbiorthogonalpartnersde�ned for theinteger
upsamplinganddownsamplingratios.In thispaperwehave intro-
ducedthe notion of FBPsandpresenteda way of their construc-
tion. The existenceissuesfor FIR andfor stableFBPshave also
beentreated.Lastly, we have providedoneexamplewhereFBPs
canoccur, namelythe all-FIR interpolationof slightly oversam-
pledsignals.
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