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1. INTRODUCTION

The sampling theorem is one of the most basic and fascinating topics in engineering sciences. The most well
known form is the uniform sampling theorem for bandlimited signals, due to Nyquist and Shannon [9, 13].
This has also been attributed to Whittaker and Cauchy (see [6]). It is the fundamental tool that allows the
processing of real signals using digital signal processors (DSP). Extensions of this to bandpass signals and
multiband signals, and to nonuniform sampling are also well-known [6], [22]. The connection between such
extensions and the theory of filter banks in DSP has also been well established (e.g., see Chap. 10 in [23]).
Further novel extensions can be found in [5]. This paper is a review of some of the less known aspects of
samping, with special emphasis on non bandlimited signals, stability of reconstruction, and reconstruction
from nonuniform samples. Portions of this paper have been presented at conferences [24—27].

1.1. Qutline

In Sec. 2 we consider sampling theorems for non bandlimited signals. These are often referred to as
multiresolution (MR) or wavelet sampling theorems. An application in digital interpolation is reviewed in
Sec. 3, and demonstrated with B-spline interpolation of images. Stability of the reconstruction process
is defined in Sec. 4 and addressed in considerable detail there. We explain the importance of pointwise
stability as opposed to stability in terms of energy. Such pointwise stability is then established for the
cases of bandlimited as well as nonbandlimited sampling in Sec. 4.2 and 4.3. The connection between this
kind of stability and functional subspaces is reviewed in Sec. 4.4. The role of nonuniform sampling in
multiresolution theory is explained in Sec. 5. We show in particular that the multiresolution coefficients can
often be calculated using FIR filtering operations without the use of oversampling (which is often resorted
to). Sampling theorems for non bandlimited discrete time signals are discussed in Sec. 6. These results are
based on well established concepts in multirate digital signal processing. Results on FIR reconstructibility
in this context are established in Sec. 6.2—-6.4. Certain basic properties satisfied by bandlimited signals are
summarized in the Appendices for convenience.

1.2. Notations

Unless mentioned otherwise, all notations are as in [23]. The term o-BL refers to signals that are bandlimited
to |w| < o (i.e., Fourier transform is zero outside). We use the notations [z(n)];»r and [X(2)];ar to denote

the decimated version z(Mn) and its z-transform. The expanded version

{x(n/M) n = mul of M,
0 otherwise

is similary denoted by [x(n)];, and its z-transform X (M) denoted by [X(2)];as. In situations where the

z-transform does not exist in the conventional sense (e.g., ideal filters), the notation z stands for e/“ so



that H(z) is the frequency response H(e’“). The type 1 and type 2 polyphase representations of H(z) with

respect to an integer M are given by [23]

() 2/[:?)1 ZikEk(ZM) (type 1 polyphase)
H(z) =
ML 2R Ry (2M)  (type 2 polyphase).

The type used is usually clear from the context and is therefore often not mentioned.

BIBO stability stands for bounded input bounded output stability [10]. A sequence h(n) is an ¢; sequence
if 3 |h(n)| < oo and it is an £ sequence if > |h(n)[? < co. A linear time invariant filter is BIBO stable
if and only if the impulse response h(n) is in ¢;. For continuous time signals similar definitions (L; and Lo)

apply with sums replaced by integrals. Note that ¢; C £2, but we do not have L; C L.

2. NON BANDLIMITED SIGNALS

If we have the apriori information that a signal is bandlimited to a known region, we can recover it from
appropriately spaced samples by filtering. If a signal is not bandlimited, can we still recover it from samples?
The answer depends on what other apriori information we have. For example, suppose we have the knowledge

that x(t) has the form

o0

z(t) = Z c(k)p(t — k) (signal model) (1)

k=—o0

t
Fig. 1. A non bandlimited signal.
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Fig. 2. Two non Nyquist choices of ¢(t).

where ¢(t) is a known function. Denoting the continuous time Fourier transforms (FT) of z(t) and ¢(¢) as
X (jw) and ®(jw), and the discrete time FT of ¢(n) as C(e/*), we equivalently have X (jw) = C(e?“)p(jw).

As a first example, assume that ¢(¢) is a time-limited signal as demonstrated in Fig. 1. In this example the



samples of z(t) at integer points are z:(n) = ¢(n). So we can trivially reconstruct z(t) from its samples using

the formula
o0

z(t) = Z x(k)s(t — k), (2)

k=—o0

where s(t) = ¢(t). More generally this holds if ¢(¢) has the zero-crossing property ¢(n) = §(n), i.e.,
#(0) =1, ¢(n) =0 for other integer n. (3)

Thus reconstruction from samples has been possible inspite of aliasing due to non bandlimitedness.

A function ¢(t) satisfying the zero-crossing property (3) is also referred to as a Nyquist(1) function in the

”

literature. The argument “(1)” signifies that the zero crossings are separated by one unit of time. A special

case is the example where ¢(t) is the sinc funtion

sin 7t

o(t) = (4)

7t

Since this is 7-BL, the sum (1) is also 7-BL. The sinc function is Nyquist(1), so the reconstruction formula
(2) holds. This corresponds to the familiar Shannon sampling and reconstruction.

If a function can be represented as in Eq. (1) where ¢(t) is not Nyquist (Fig. 2), can we still reconstruct
x(t) from samples x(n)? The answer is yes for a large class of ¢(t) as we now show.? From Eq. (1) we see
that the samples of x(t) are given by

za(n)Se(n) = D7 c(k)d(n — k) (5)
k=—c0
which is nothing but a discrete-time convolution equation. Denoting the discrete time Fourier transforms of

the sequences x(n), c(n), and ¢(n) by X4(e?*), C(e*) and ®4(e?*) we get
Xa(e??) = C(e*)a(e’®). (6)

If ®4(e%) # 0 for all w we can write C(e’*) = X4(e’*)/®4(e?*). That is, we can identify c(n) from z(n)
using

c(n) = x(k)y(n—k) (7)

k

where ~(n) is the convolutional inverse of ¢(n) i.e., its Fourier transform I'(e/*) = 1/®,4(e’*). Recovery of
z(t) for all ¢ can then be done using (1). In summary, we have recovered x(t) from the samples z(n).
Return now to the examples in Fig. 2. We see that for the first function the nonzero samples of ¢(n)

are {1,3,1} whereas for the second function these are {1,1,1}. In the first case |®4(e/“)| = 3+ 2cosw > 0

2Notice that the sample spacing is T' = 1, and that the sampling phase is such that ¢t = 0 is included. For a different sampling
phase, the reconstruction conditions and equations have to be worked out again.



whereas in the second case, |®4(e’“)| = |1 + 2cosw| = 0 at w = 27/3. So x(t) is reconstrucible from z(n)

for the first case, but not the second. We conclude this section with a few remarks.

1. Discretetime model. The preceding discussion also shows this: given a discrete time signal x4(n) and
an arbitrary function ¢(¢) we can almost always assume that x4(n) can be written in the form (5) for
appropriate choice of ¢(k), the only theoretical condition being that ®4(e?*) # 0 for all w. In particular,

we can regard z4(n) as samples of a continuous time signal z(t) of the form z(t) = >"77 ___ c(k)o(t—k).

2. Lack of shiftinvariance. For fixed ¢(t), let Vi denote the space of all signals which can be represented as
in (1) for appropriate finite-energy c(k). When ¢(t) is the sinc function we know that any shifted version
of z(t) (e.g., z(t—0.1)) also belongs to the space V because time-shift does not affect bandlimitedness.
For arbitrary ¢(t) however, even though reconstruction from samples is often possible, the shifted
versions of z(¢) do not in general belong to the same space Vp. This is readily verified with examples.
For example shift ¢(¢) in Fig. 2 to obtain ¢(t — 0.1). This result cannot be expressed as a linear

combination of the integer shifts {¢(t —n)}.

3. Undersampling a wideband signal. As a special case of the signal model, suppose ¢(t) is 27-BL, that
is, bandlimited to —27 < w < 2. Then z(t) is also 27-BL and the Shannon-sampling rate would be
47, implying the sample spacing T = 1/2. Assuming for sake of argument that ®(jw) is real and
positive in —27 < w < 2, we see that ®4(e’“) (aliased version of ®(jw)) is nonzero for all w, and the
reconstruction equation (7) is valid. Thus the model (1) allows a smaller sampling rate, that is, wider

sample spacing of T' = 1, even though the Shannon-rate spacing would be T' = 1/2.

4. Recongtruction filter. Substituting for ¢(k) from (7) into (1) and simplifying we get

x(t) = Z x(i)s(t — 1)
i=—00
where s(t) = > °___ v(m)¢(t —m) is the reconstruction filter. Thus, we simply pass the samples

x(n) through the continuous-time filter with impulse respose s(t) as in standard D/A conversion. See

Fig. 3.

samples of x(t)

s L /\X(t)/\
1 filter with

01 imp. resp. s(t)

v~

Fig. 3. Reconstruction of z(t) from samples.
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Fig. 4. Nyquist(1) or zero-crossing property of the reconstruction filter s(t).

From the preceding definition of the reconstruction filter s(¢) it follows that at the integer points
s(n) = > v(m)¢(n —m). That is, s(n) is obtained by passing ¢(n) through its convolutional
inverse y(n). Evidently therefore s(n) = §(n). That is, the continuous filter s(¢) has the Nyquist(1)

property similar to the sinc function sinnt/nt (Fig. 4).

5. Multiresolution spaces. Sampling theorems for signals of the type (1) are often known as wavelet or
multiresolution (MR) sampling theorems. Readers familiar with multiresolution theory [8] will realize,
however, that additional restrictions on ¢(t) are required to generate a multiresolution. Functions of
the form x(t) = >, c(k)¢(t — k) belong to the space Vj in a multiresolution decomposition. Roughly
speaking, Vj is like a subspace of lowpass signals with a certain degree of smoothness. The multires-
olution framework also defines finer subspaces Vj, (with higher bandwidth) and bandpass spaces Wi.
If ¢(t) were the sinc function sinnt/7mt the multiresolution decomposition would be as in Fig. 5. In
practice ¢(t) is not ideally bandlimted. So none of the subspaces represents ideal bandpass signals,
even though they admit reconstruction from samples. These sampling theorems can also be extended

to other subspaces like W), and arbitrary direct sums of such spaces [4].

Fig. 5. Multiresolution decomposition based on ideal filters

3. APPLICATION IN INTERPOLATION
As explained in Sec. 2 a discrete time signal z4(n) can be viewed as a sampled version of z(t) = Y, c(k)o(t—

k). While true for almost any ¢(t), this viewpoint is especially useful for certain choices of ¢(t). For example



if ¢(t) has smoothness properties such as a certain degree of differentiability everywhere, then we can use
this to generate an interpolated version of x(n). A 256 x 256 image can be displayed as a 512 x 512 image in
this way (interpolation by two). Smoothness of ¢(¢) usually ensures that the interpolated result is visually
pleasing (see example below). To see how the model can be used for interpolation notice that the samples

of z(t) at a finer spacing 1/L are given by

v/ = Y eho("Ey = S ek fin - ki) (®)

k=—o00 k=—o0

where f(i) = ¢(i/L). In summary, we can reconstruct the finer samples z(n/L) from x(n) as shown in Fig.
6: first pass z(n) through the digital prefilter H(e’*) = 1/®4(e’*). This gives c(n). Then use the L-fold
upsampler or expander [23] indicated as 1 L, followed by the interpolation filter F'(z), which is obtained
by sampling ¢(t) using the finer spacing 1/L. We see that the interpolation from z(n) to x(n/L) can be
done entirely digitially. The function ¢(t) is often chosen as a spline function. The use of cubic spline is
especially common in image processing because its degree of differentiablity is two, which provides sufficient

smoothness for the human visual system.

I
x(n) o) c(n) | T" Jro X(n/L)

? ? prefilter expander interpolator 300 [ ?

Fig. 6. Interpolation of a signal z(n) with digital filters. The signal is assumed to have a continuous time model

x(t) =), c(k)o(t — k).

3.1. Interpolation With Splines
A spline s(t) is a piecewise polynomial, with the pieces glued together at places t; called knots such that the
function is differentiable a specified number of times even at the knots. The most commonly used splines
have knots at integers, that is ¢ = k, where —o0 < k < 0.

Definition 1. Splines. An Nth order spline with knots at integers (just “Nth order spline” for the rest of

the paper) is a function s(t) such that

1. s(t) is a polynomial of degree N or less between integers, (i.e., in k <t < k+ 1 for all integer k).

2. At the integers or knots ¢t = k, the function s(¢) is continuously differentiable N — 1 times (i.e.,

differentiable N — 1 times and the (N — 1)th derivative is continuous). O
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Fig. 7. (a) A spline with knots at integers is a succession of piecewise polynomials, connected at the knots such that
it is sufficiently differentiable everywhere. (b) The Nth derivative of an Nth order spline is a piecewise constant,
typically discontinuous at the knots (integers here).

This implies in fact that the Nth derivative is a piecewise constant with jumps at the knots. Conversely
Nth order splines are functions obtained by integrating such piecewise constants N times. Figure 7 depicts
some of the ideas pictorially. There exist splines of finite duration. It can be shown [12] that any Nth order
spline has duration at least N + 1. It is easy to obtain examples of such splines. For this define the pulse

function

p(t):{l 0<t<l,
0 otherwise.

Define the function by (t) to be the convolution of p(¢) with itself N times. It can be shown that this is a
spline of order N. This is called the B-spline of order N. Evidently this is nonzero in 0 < ¢t < N + 1 (Fig.
8). The Fourier transform of the Nth order B-spline is
) ) N+1
By(juw) = ¢ 40402 (sm% >)
It can be verified that the corresponding time domain expression is
()= 3 (Y e ue-n
k=0
where U(t) is the unit-step. The functions by (t) and b3(t) are known, respectively, as the quadratic and cubic

splines. We can verify that

t2/2 0<t<1

_ ) 3/4—(t—-3/2)? 1<t<?2
ba(t) = 9
2(t) (t—3)2/2 2<t<3 ©)

0 otherwise.



and is shown in Fig. 8(c). B-splines are commonly used in interpolation and have been known in the mathe-
matics literature for many decades (e.g., see Schoenberg’s classic book [12]). In the digitial signal processing
literature the use of splines specifically for interpolation became practicable because of the important work
by Unser et al., [20] who showed that B-spline interpolation can be performed efficiently with FIR and stable

IIR filters of very low complexity [15]-[17].

3.2. Cubic Spline Example
Assuming that ¢(t) is Nth order spline by (t), we see that the prefilter is the IIR filter H(z) = 1/Bn(2)
where By(z) = Zgjol by (n)z~". For example if N = 3 (cubic spline case) we have

27l 44272 4 273

Bs(z) = 5

and H(z) = 1/B3(z). Next, the interpolation filter F'(z) has impulse response f(n) = by(n/L). Unser et

N+1

al. [14] have shown that F'(z) can be written in the especially elegant form F(z) = ¢Bn(2)[G(2)] where

c=1/L" and G(z) is the simple running-sum filter

L—1 1—
G(z) = Z 2=
n=0

(@) N=0
t
(b) 1 N=1
g
0] ‘ 2 "
N=2
(©
t
0l 1 2 3 .

Fig. 8. Nth order B-splines or by (t) for various orders N. (a) For N = 0 this is the pulse, (b) for N =1 this is a
triangle, and (c) for N = 2 this is a quadratic. The knots are at integer locations as indicated by vertical lines.

The implementation of F(z) is therefore computationally very efficient. Figure 9 shows how Fig. 6 simplifies
in this case. The zeros of Bs(z) are z; = —3.7321 and zz = —0.2679 showing that 1/Bs(2) is not a causal
stable TIR filter. But it can be implemented using a combination of a causal and anticausal stable filter,

and the same is true for arbitrary N. As emphasized by Unser et. al., this not only a practical scheme for



finite length signals (e.g., images), it is also computationally very efficient. A comparison of this approach
with several traditional ones can be found in [14]. Figure 10 shows 512 x 512 images obtained by two-fold
interpolation (L = 2) of a 256 x 256 section of the Barbara image. Both zeroth order and cubic spline
interpolations are shown. In the former, the sample and hold effect is very visible and annoying, especially
at the locations of the stripes. The cubic spline interpolation is smoother, and the stripes have a much

cleaner appearance.

\i

N+1 X(n/L)

SRR fe ¢ By@) — &Yy

compute spline -
coefficients interpolate

Fig. 9. Interpolation of a signal z(n) with digital filters. The signal is assumed to have a continuous time model
x(t) = >, c(k)bn (t — k) where by (t) is the Nth order B-spline.

4. STABILITY OF RECONSTRUCTION

Consider the reconstruction formula
oo

z(t)= Y a(k)si(t) (10)

k=—o00

Typically si(t) = s(t — k) for most cases under discussion. If a slight perturbation of samples z(k) results in
a large perturbation of the reconstructed signal as demonstrated in Fig. 11, then such reconstructions are
not useful. Qualitatively speaking, the reconstruction is stable if small errors in the sample values remain
small in the reconstructed signal. More precisely, let z:(k) be replaced with the noisy version z(k) + e(k).
Then the reconstructed signal has the error component e(t) = Y 7> e(k)sk(t). If we can show that

| ewparsc Y jewp (11)

> k=—o0

for some finite constant C' independent of e(k), the reconstruction is said to be stablein the energy-sense.

10
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Fig. 10. 512 x 512 interpolated versions of a portion of Barbara image using zeroth order spline (top), and cubic

spline (bottom).
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Fig. 11. (a) A signal z(¢) reconstructed from samples, and (b) a slightly perturbed set of samples resulting in a
completely different reconstructed signal z(t) + e(¢).

For example suppose {s;(t)} satisfy orthogonality, that is

/ sk(t)st ()dt = CS(k — m)

for some C' > 0. Then (11) holds with equality assuring this kind of stability. A special case is reconstruction
from samples of a bandlimited signal. Here sy (t) = sinn(t — k) /7 (t — k) (shifted sinc functions) and satisfy
the preceding orthogonality property (Appendix 1). Reconstruction of a bandlimited signal from its sampled

version (sampling rate > Nyquist rate) is therefore stable in the energy-sense.

4.1. Importance of Pointwise Stability

While stability in the energy-sense is nice, a more stringent type of stability called pointwise stability is
desirable in the reconstruction of z(t) from samples. Before defining this kind of stability, we first explain
why energy-based stability is insufficient. Consider a hypothetical example of a signal z(t) and its noisy
reconstructed version x(t) + e(t) shown in Fig. 12. We assume for the purpose of illustration that the error
e(t) is in the form of short occassional pulses. Even if the pulse widths in the error e(t) (hence the error
energy [ ||e(t)|?dt) are arbitrarily small, the samples of z(t) + e(t) will differ significantly from those of z(t)
at certain points. Thus, a resampling of z(¢) + e(t) (perhaps with a slight offset of sampling instants) could
yield results that are completely different from the original samples of x(¢). This situation is avoided by
requiring that the reconstruction error be small pointwise in time. For example, if a reconstruction scheme

is such that
le(®)? < C_ le(k)? (12)
k

then the preceding mishap will never happen. By making the error in samples small enough we can make
the reconstruction error e(t) as small as we want, for all . Whenever Eq. (12) holds, we say that the

reconstruction from samples is pointwise stable.

12
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Fig. 12. A signal x(t) and its noisy version x(t) + e(t). The noise e(t) is also shown.

4.2. Pointwise Bound For Bandlimited Signals
Let 2(nT) denote samples of the o-BL signal x(¢). Assume Nyquist sampling, that is, T = 7 /0. The signal

z(t) can be reconstructed from z(nT') using the ideal lowpass filter or sinc function h(t) = sinot/ot, according

to the equation

z(t)= > x(nT)h(t - nT)
Using Cauchy-Schwartz inequality, it follows that
at)2< S 2T S |hlty — nT)?

for any to. The sum Y |h(to — nT)|? can be regarded as the energy in the samples of the o-BL signal
h(to —t). Applying the energy identity proved in Appendix 1 for bandlimited signals (Eq. (32)) we therefore

have

1 o0
S Jh(to—nT)P = T/ Ih(to — t)2dt
1 oo

Y LI
= Z |h(nT)|? (energy identity again)

= 1

The last equality follows from observing that h(nT) = sin(6Tn)/cTn = sinwn/mn = §(n). Thus the quantity

to is irrelevant in the summation. Summarizing, we have shown that

@)> < Y |a(nT))*  forallt

n=—oo

for any o-bandlimited signal sampled at the Nyquist spacing T' = 7 /0. Applying the energy identity (32)

13



again we see that the preceding also implies

lz(t)|* < %/00 lz(7)|?dr for all ¢ (13)
where T' = /0. This result makes no reference to sampling at all! It simply says that a bandlimited signal
is bounded pointwisein time in terms of its energy. So a fixed amount of energy cannot be concentrated in
an arbitrarily narrow region (for that would increase the magnitude arbitrarily somewhere). We now apply
this result to study the stability of reconstruction in presence of additive noise in the samples.

Theorem 1. Pointwise stability in Nyquist sampling. Let z(¢) be a bandlimited signal and let z(nT)
represent samples at the Nyquist rate (i.e., T = 7/c). Let 2(nT) 4+ e(nT) represent the samples with error

e(nT). Assume the error has finite energy, that is, > -

o |e(nT)[? < co. Then the reconstructed signal is

z(t) + e(t) where the error e(t) is bounded pointwise according to |e(t)[? < > |e(nT)[>. &

Proof. The error in the reconstructed signal is e(t) = > °7 e(nT)h(t —nT). So e(t) is a o-BL signal

n=—o0
and therefore satisfies |e(t)|* < >0 |e(nT)|? for all ¢. \VAVAV/
Note that stability of reconstruction is not synonymous with filter stability. The reconstruction filter

s(t) = sinot/ot is unstable in the BIBO sense [10]. Still the reconstruction process is pointwise stable.

4.3. Pointwise Stability in Multiresolution Sampling

Consider again signals of the form x(t) = Y, ¢(k)¢(t — k) discussed in Sec. 2. We will make a careful
choice of mathematical assumptions and establish pointwise stability of the reconstruction equation z(t) =
> px(k)s(t — k). The samples of this signal, taken at integer spacing, are given by

w(n) =) c(k)g(n — k) (14)

k

Assuming that @d(ej“)é >, ¢(n)e3m £ 0 for all w, we can construct ¢(n) from the samples z(n) using
c(n) =y _x(k)y(n — k) (15)
k
where ~(n) is the impulse response of 1/®,(e’“). Equations (14) and (15) represent two digital filters which

are convolutional inverses of each other. See Figure 13.

Lo 6 0L @0

imp. resp.o(n) imp. resp. y(n)

Fig. 13. The digital-filtering relation between c(n) and z(n).

Our first goal is to ensure that both of these filters are BIBO stable [10], that is, the impulse responses are

14



{1 sequences (i.e., absolutely summable). For this we make the assumption that ¢(¢) is bounded as

K

lo(t)| < T e (16)

for some K > 0 and € > 0 (in words, ¢(t) decays faster than 1/t). Under this and a few other mild
assumptions we will establish stability properties. The following presentation differs in style as well as detail
from some of the original results of Walter [29] who first studied this problem rigorously.

Lemmal. Filter properties. Suppose ¢(t) is bounded as in (16) and furthermore <I>d(ej“’)é >, d(n)eIen
0 for all w. Then (a) ¢(n) and y(n) are ¢ sequences, (b) ¢(n) and y(n) are also ¢5 sequences, and (c) the

Fourier transforms of ¢(n) and (n) are finite for all w. &

Proof. Eq. (16) means that ¢(n) < K/|n|'T¢,n # 0, which assures that ¢(n) € ¢;. Now there is a
theorem due to Wiener [11] which says that if ¢(n) € ¢; and ®4(e?“) # 0 for all w then y(n) is also an
¢y signal. Next, if ¢(n) is an ¢; sequence then it is also an ¢ sequence because ) |¢(n)| < oo implies
|p(n)| < a for all n some finite a so that Y |¢p(n)]* < a )", [¢(n)] < co. The ¢; property also implies that

the Fourier transform is finite because |®4(e?“)| < > |p(n)e 7" =3 |p(n)| < oo. \VAVAV/

Lemma 2. Suppose ¢(t) is bounded as in (16) and furthermore @Ul(ej“’)é >, d(n)e™7m £ 0 for all w.

Assume further that c(n) is in £o. Then z(n) is in £2 and furthermore there are finite positive constants A, B
such that A, [a(n)? < X, e(m)? < BY, [e(n)]2. o

Proof. This is essentially a consequence of the facts that (a) x(n) is the output of a BIBO stable filter
with input ¢(n), and (b) the inverse of this filter is also BIBO stable. For a formal proof we will use the fact

that [@4(e7)| < >, |p(n)e 7" = > |$(n)| < co because ¢(n) € ¢1. Thus
2 °r 1 2
= X&) dw/2
> le(o) | i) Paw2e
27

_ / 1C(e7)Dg(e7°) [2duw /2
0
1 [ , 1

< [ e P = 3 Y k)P

where 1/A = (3, |#(n)])?. This shows in particular that z(n) is also an {5 sequence. Next, since c(n)
is the output of the filter v(n) in response to z(n), we similarly have Y |c(n)]? < BY, |z(n)[* where
B = (>, |[n(n)])? < oo because y(n) € ;. \VAVAV,

Theorem 2. Pointwise bound in multiresolution sampling. Let x(t) = >, c(n)¢(t — n) where ¢(t) is

bounded as in (16) and furthermore @d(ej”)é >, ¢(n)e ™9™ £ 0 for all w. Assume further that c(n) is in
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f5. Then

lz(t)|* < az |z(n)[? for all . (17)
for some finite nonzero constant c. &

Proof. Applying Cauchy-Schwartz inequality, the equation z(tg) =Y, ¢(n)d(tg — n) yields

j(to)]* < D le(n)* Y 1é(to —n)|

To proceed further note that ¢(to — n) represents samples of the shifted function ¢(ty —t). If ¢(t) is bounded
as in (16) then so is ¢(tg — t) for appropriate K and € in (16). So ¢(top — n) is in 2 (Lemma 1) so
that >, |¢(to — n)|?* in the preceding equation is finite. Next, from Lemma 2 we see that Y. |c(n)|? <

B, |z(n)|? for a finite positive B. Thus

[2(to)* <D lem)PP Y o(to —n) <@ |z(n)f?
for some finite positive a. vVV

Corollary 1. Pointwise stability. The preceding theorem immediately implies pointwise stability of recon-

struction. Thus let z(n)+e(n) represent the samples with error e(n) and assume Y- __|e(n)|? < co. Then

oo

we can use the stable filter 1/®4(e’*) to define an f5 sequence c.(n) such that e(n) = Y, c.(k)¢(n—k). The

signal e(t)é Yk Ce(k)o(t — k) is then the additive noise affecting x(t). Applying (17) to e(t) we find

le(®)* < @) le(n)? (18)

which is precisely the pointwise stability property. We conclude this section with a technical detail.
Theorem 3. Pointwise bound and Riesz basis. Let all assumptions be as in Theorem 2. Assume further
that {¢(t — k)} is a Riesz basis for signals of the form x(t) = ), c¢(k)¢(t — k) where c(k) € l3. Then in

addition to (17) we also have
lz(t)|* < ﬂ/ |lz(7)|?dr for all ¢ (19)

for some finite nonzero constant 3. Thus, similar to bandlimited signals, z(¢) is bounded pointwise in time

in terms of its energy. &

Proof. By definition {¢(¢ — k)} is said to be a Riesz basis if there exists finite nonzero constants A; and

By such that for any c(n) € 4o

Ay el < [ " a()ar < B Y Je(n)
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where z(7) =Y ¢(n)¢(r —n). We will need only the first inequality in the proof. Application of Cauchy-

Schwartz inequality in x(t) = >, ¢(n)$(t — n) yields

tol2<Z\¢to—n|Z| |2<Z|¢t0—n|2/ lz(7)|%dr /A1 = ﬂ/ 7)|%dr
where 8 =Y, |¢(to — n)[*/A;. \YAVAY

4.4. Pointwise Stability and Functional Subspaces
The stablility of reconstruction of z(¢) from samples is related to the idea of a functional space. Recall that
Lo denotes the Hilbert space [7] of functions with finite energy Hsc(t)||2é [ |z(t)|?dt. Let ‘H be a subsapce

with the additional property that |x(¢)| is pointwise bounded as follows:

)2 < c/ )[2dr (20)

where C' < co. The constant C is the same for all z(t) in H though it might depend® on the choice of the
subspace H. A subspace satisfying the preceding inequality is called a functional space or a reproducing
kernel Hilbert space (rkhs). Notice that arbitrary subspaces of Lo may not satisfy (20) (e.g., H = Lo)
because we can change the value of z(t) at a point ¢y by an arbitrary amount without changing [ |z(7)|*dr.

We proved that the subspace of o-BL signals satisfies (13) and is therefore a functional subspace. Similarly
Theorem 3 shows that the subspace of signals of the form z(t) = )", ¢(n)é(t —n) is a functional subspace
under the assumptions mentioned in that theorem. So we have seen two explicit examples of function
subspaces. In such spaces pointwise stability of reconstruction from samples is guaranteed (i.e., we get

“good” sampling theorems). For further reading on this topic the reader is referred to [2] and [19].

5. NONUNIFORM SAMPLING

If ¢(t) is compactly supported (e.g., Daubechies’ scaling function, or a member of the spline family, etc.) then
the sequence ¢(n) is an FIR filter and its inverse 1/®(e’¥) is IIR. So the construction of ¢(n) (hence z(t))
from z(n) involves IR filtering (review Fig. 13). Mallat [8] proposed a clever way to avoid such filtering by
oversampling z(¢) at a much higher resolution. The idea is that if z(¢) belongs to V; it also belongs to finer
spaces such as Viy, N > 0. This is called the multiresolution property, and is ensured by further restrictions

on ¢(t). Thus
2(t) =Y a(k)2V2p2Nt — k). (21)

k

If N is large enough then 2V/2¢(2Nt —k) are narrow enough to make the approximation a(k) ~ az(2-Vk) for

some constant «. The coefficients ¢(k) can then be found from a(k) by using a discrete time filter bank (see

3Actually C could depend on ¢ but we keep it simple here.
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[25] and [28] for tutorial review). It turns out that such arbitrary oversampling is not necessary; oversampling
by a factor of two is enough. Under mild conditions ¢(k) can be computed exactly from x(0.5n) with the
help of FIR filters alone [28].

In fact both IIR filtering and oversampling schemes can be avoided completely if the samples of x(t)
are allowed to be nonuniform. Thus, we will show how to reconstruct c¢(n) from periodically nonuniform
samples of z(t) with the help of FIR filters alone. For example, suppose we consider the following three sets
of samples

1 2
z(3n), x(Bn+ 5)’ x(3n + 5)

o
[e2)
\j

Fig. 14 . Demonstration of nonuniform sampling

This is equivalent to the nonuniform sampling scheme shown in Fig. 14, with average rate still equal to

unity. The three sets of samples can be expressed as

z(3n + %) = ;c(k)qb(?m + % -k), i=0,1,2.

We cannot interpret this as convolution as we did in the uniform case. Define the three discrete time filters
H;(z) with impulse resposes

hi(n) = ¢(n + %), i=0,1,2. (22)

That is, h;(n) is the sampled version of a shifted version of ¢(¢). Thus we can represent the set of nonuniform
samples as the decimated subband signals of a maximally decimated analysis bank (Fig. 15). If there exists
an FIR synthesis filter bank with the perfect reconstruction property [23] then we can reconstruct ¢(n) from
these nonuniform samples. Then z(t) can be reconstructed from x(t) = >, c(n)¢(t — n). Most readers
familiar with filter bank theory will realize that it is very easy to find examples where such FIR synthesis

filters do exist.

Fig. 15. Analysis bank representing nonuniform sampling
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We now supply a detailed example where ¢(¢) is the quadratic spline given in (9). The three analysis filters
obtained by sampling this spline are given by

27l 272 1413271 +4272 4413271 4 272
Moo = i (e - Iy At et

The 3 x 3 polyphase matrix E(z) of this anaylsis bank [23] is nonsingular and can be inverted to obtain the
synthesis bank polyphase matrix R(z):

0 9 9 13 -36 27

()—li 13 4, R(z):E_l(z):% -5 12 -3
814 13 1 13 —-12 3
xGn) E F(2) [>e>cn)
A
X(3n+1/3) Ts F @)
! A
X(3n+2/3) T3 FQ
2

Fig. 16. FIR synthesis bank for reconstructing c(n)

which shows that the synthesis filters for perfect reconstruction are the FIR filters

13 — 5z + 1322 —36 + 12z — 1222 27 — 32 + 322
1 b= T PE=T—

Fo(z) =

Fig. 16 shows the synthesis bank which reconstructs ¢(n) from the nonuniform samples of x(t) perfectly. By

using z(t) = >, c(k)p(t — k) we can directly express z(t) in terms of the nonuniform samples:

22: i a:Sk:—l- )si(t — 3k) (23)

1=0 k=—
Here s,(t) are related to the scaling function ¢(t) and the synthesis filters by s;(t) = >, fi(k)p(t — k). We
can interpret this reconstruction as a continuous-time filter bank as shown in Fig. 17. Thus the three sets
of samples are passed through three analog filters so(t), s1(t) and sa(t) and then added up to obtain z(t).

Since f;(k) have finite durations, the filters s;(¢) also have finite durations like ¢(¢).

|
savies ptaat o
—— s/ o> X(1)
I ¥
samles  py b4, T

5,0)
I A
gy bt = ]

—>]

analog filters

Fig. 17. Reconstruction of z(t) from nonuniform samples
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6. DISCRETE TIME SAMPLING THEOREMS

A discrete time signal z(n) is said to be o-bandlimited if X (e/*) = 0 for o < |w| < 7. If 0 = /M for integer
M, we can reconstruct x(n) from the decimated or subsampled version z(Mn) [23]. Similar statements can
be made with suitably defined bandpass signals. If z(n) is not bandlimited at all (e.g., X (e/“) nonzero
everywhere), can we still reconstruct z(n) from a decimated version? Consider Fig. 18 which shows an

interpolation filter. The output is given by z(n) = >, f(n — Mk)y(k).

y(n) —= Im [ F2) [=x(n)

Fig. 18. Signal model allowing recovery from samples

If the filter F'(z) has the Nyquist(M) property
f(Mn) =é(n) (24)

then we can see that the samples y(n) are also present in the sequence z(n). More precisely we have
y(0) = z(0), y(1) = x(M), and so forth, that is, y(n) = x(Mn). This shows that z(n) can be reconstructed
perfectly from its decimated version z(Mn) even though z(n) may not be bandlimited (because F(z) is not
necessarily an ideal bandlimiter in this discussion). The only condition on F(2) is the Nyquist(M) condition.
To see how this condition can be eliminated, consider the polyphase representation [23]

M-1

F(z) =Y 2'Ri(z™) (25)

=0

F(z) is Nyquist(M) if and only if the Oth polyphase component Ry(z) = 1. If this is not the case, rewrite

F(z) = Ro(zM) (1 28 4+ szlsM_l(zM))

call this S(z)

so that the filter S(z) is Nyquist(M). Using a standard multirate identity, we can then redraw Fig. 18 as in

Fig. 19. This shows that x(n) can still be recovered from xz(Mmn) if we use the interpolation filter
A M
S(z)=F(z)/Ro(z™).
We call F(z) the model filter (it defines the signal model in Fig. 18), and S(z) the reconstruction filter.

X(Mn)
y(n)—> R (2) S(z) F——>x(n)

Fig. 19. Extracting the reconstruction filter S(z).
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6.1. Stability of Reconstruction

In order to be practical, the reconstruction filter S(z) has to be stable and preferrably causal. Assume the
model filter F(z) is stable. If Ry(z) has all zeros inside the unit circle then S(z) = F(z)/Ro(zM) is a causal
stable IIR filter. In fact if Ry(z) has no unit-circle zeros, S(z) has a (possibly noncausal) stable impulse
response, and this is in principle sufficient to get stable reconstruction. More generally if the kth polyphase
component Rj(z) has no unit circle zeros, we can rewrite F(z) = 2% Ry (2*)S(z) where S(z) is Nyquist(M).
The signal model can therefore be redrawn as in Fig. 20. We see that 2:(n—k) (hence x(n)) can be recovered

from its decimated version x(Mn — k) using the stable IIR filter
S(z) = 27 FF(2)/Rp(2M).

The preceding discussion also shows that stable reconstructibility from the decimated version of z(n — k)
(i.e., from z(Mn —k)) for some k does not imply the same from xz(Mn — i) for i # k. Notice finally that if all
the polyphase components have unit-circle zeros then we cannot use the preceding trick. A totally different

technique is needed based on nonuniform decimation (Sec. 6.3).

y(n) —= R (2)

> S(z) ————x(n)

X(Mn-k) fM x(n-k)
Zk

Fig. 20. Extracting the stable reconstruction filter S(z) when Ry (z) has no unit circle zeros.

Example 1. Unit circle zeros. Let the model filter be F(z) = 1 + 2z — 22 + 2%, Assuming M = 2 we have
Ro(z) =1 —z and Ry1(2) = 1+ z. Both of these polyphase components have unit circle zeros. We cannot
therefore reconstruct (n) from either x(2n) or z(2n — 1) in a stable manner.

Example 2. Common factors. Let F(z) = 1 + 2z + 2% + 2%, Assuming M = 2 we have Ry(2) = Ri(z) =
1 + z. Both of these polyphase components have unit circle zeros. In this example we can rewrite F\(z) =
C(2?)(1+z) where C(z) = 1+ 2 is the common factor between the polyphase components. The signal model
can therefore be simplified as shown in Fig. 21 using a standard multirate identity [23]. This shows that
we can reconstruct z(n) from z(2n) by using the Nyquist(2) filter S(z) = 1 + z. This example demonstrates
the fact that if there is a common factor C(z) among the M polyphase components, it can be eliminated

altogether from any discussion of reconstructibility.

(a) y(m) X(n)
)y —] o) P42 [l ) iy

Fig. 21. (a) The signal model and (b) simplification in the case of Example 2.
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In the case of Example 1 we will show that it is possible to obtain stable reconstruction if a nonuniformly
decimated version of x(n) is used instead of using z(2n) or z(2n — 1). To explain what this means consider
the pair of signals (2Mn — i) and 2(2Mn —i— 1) for some fixed i. These together constitute a nonuniformly
decimated version. The decimation ratio is M because we retain one out of M samples on the average. This
is demonstrated in Fig. 22 for M = 2 and ¢ = 2. The samples shown in bold lines constitute the nonuniformly

decimated version. More generally let L be an arbitrary integer and consider the signals

zi(n) =ax(MLn—1),0<i<ML-1 (26)

ML—-1

Thus x;(n) is a polyphase component of z(n) with respect to the integer ML, that is, X () = > .2y 2'X;(2ML).

Suppose we retain a subset of L signals

Lig (n)7 Ty (TL), R (TL)

and discard the rest. This set of L signals constitutes a nonuniformly decimated version of x(n). Since we
retain L out of LM components, the decimation ratio is M. Since the integer L is arbitrary (independent

of M) it adds flexibility to the class of nonuniform decimators that can be created this way.

x(4n-3)

\ X(4n-2)
/

P11 TTTTT TT?? _

Fig. 22. Demonstrating nonuniform decimation.

6.2. Block Representation
To explain how nonuniform decimation helps in stable reconstruction we first review a definition. Given a
signal x(n), its L-blocked version is the L-component vector
z(Ln)
() :C(LTL -1
z(Ln - L+1)
We also say that x(n) is the unblocked version of x(n). The components x(Ln — i) are nothing but the

polyphase components of z(n) with respect to L. The integer L is known as the block length. Figure 23

shows how blocking and unblocking can be represented using multirate building blocks.
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L-blocked
version x(n)

/

- e

A
2
Y
Y
-—
p
4

TL - » Xx(n)

TL:

Y
-
-
Y

2714} x(Ln-1)

271L #L R TL _J z
x(Ln—-L+1)

<+ +—>
blocking unblocking

Fig. 23. Blocked and unblocking a signal x(n).

Now consider a transfer function H(z) with input x(n) and output y(n) (Fig. 24(a)). Redraw this as in Fig.
24(b) where x(n) and y(n) are L-blocked versions of z(n) and y(n). Then the mapping from x(n) and y(n)
is a linear time invariant system [23] with an L x L transfer matrix H(z) called the blocked version of H(z).
Letting H(z) = Zé;ol 27 *E)(21) be the Type 1 polyphase form of H(z) (Sec. 1.2), the blocked version for
L = 3 has the form

Ey(2) Ei(2)  Ea(2)

H(z) = | 27 1Ex(2)  Eo(z) Ei(2)
27 E1(2) 271Es(2) Eo(z)

In this matrix any row is obtained from the previous row by shifting it to the right and then recirculating
the last element that spills over. In this sense it is similar to a circulant matrix, but since the recirculated

element is also multiplied by 271, it is formally called a pseudocirculant matrix [21], [23].

(@)
x(n) ———» H(z) — y(n)
L-blocked L-blocked
version x(n) version y(n)

" % o

2714}

1 - x(Ln-1) H(z)

(b)

z*t z
X(Ln-L+1) y(Ln-L+1)
«— blocked —
blocking ‘éfe':'(g;‘ unblocking

Fig. 24. (a) A transfer function H(z) and (b) its L-blocked version H(z).
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6.3. Reconstruction From Nonuniform Decimation

The signal model for z(n), given by Fig. 18 can be redrawn in polyphase form as shown in Fig. 25, where
F(z2) = Ziw:f)l 2Ry (2M) as usual. Now imagine that each polyphase component Rj(z) is represented in
L-blocked form for some L as in Fig. 24. By combining the expander T L in this system with the expander
1 M in Fig. 25 we can redraw Fig. 25 as shown in Fig. 26. The advance operators z in Fig. 24 become zM
because they are moved to the right of the expanders T M using noble identities [23].

The signals x;(n) appearing in Fig. 26 are the ML polyphase components of x(n) defined in Eq. (26).
Consider a subset x;,(n), x;, (n),...2;,_,(n). This subset defines a nonuniformly decimated version of z(n).
It can be used to determine x(n) if the driving signal y(n) in the model Fig. 18 can be determined. This in
turn is possible if and only if the L signals yx(n) in Fig. 25 can be reconstructed from the above L signals
x;(n). To explore this let us formulate the problem in matrix notation. Let x,(n) denote the vector of L
outputs of Ry(z) and Xj(z) its z-transform. We can then write

Y(n)—>—»—>| R,@ I——>| TM x(n)
'

Y

1r.| R (@) |—>| TM
N @ ult”

M

Fig. 25. The standard polyphase representation of the signal model of Fig. 18.
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ML-blocked
L-blocked version of x(n), M-blocked

version of y(n) rearranged version of x(n)

' ! '

y(n)= > iL yO(n) > xo(n) > f ML > X(Q)
-1 M
S o ‘ o L,
z-% ° Ro @ ° A\ Z
. . Az
z_l+ i'— Y1 ) . XM(L-l)(n) . T ML T M
> Xl(n) > TML »
M
_ XM+1(n) _ TML _ 1 A Z
° Rl (Z) ° A ZM
. .
. XM(L-1)+1(n) ) T ML M
: z
[ ]
L Xwa > TML >
M
‘ Xoprs ) ‘ T — AZ
° RM-l(Z) Az M
[ ] [ ]
¢ .
-~ XML»l(n) - T L M

Fig. 26. The L-blocked version of the polyphase form shown in Fig. 25.

Xo(2) Ry (z) Yo(2)
Xl(z) Rl(z) Yl(Z)
XJ\.4—1 Rl\.l—l YL—.l(Z)
———
Rbig(z)

Here Ry;g(2) is an ML x L matrix. It has the L inputs yx(n),0 <k <L —1and ML

L inputs of Ry;4(2) can be reconstructed from a subset of L outputs

Lig (TL)7 Liy (n)’ ceoTip g (n)

outputs z;(n). If the

(27)

we say that y(n), and hence x(n), has been reconstructed from the M-fold nonuniformly decimated version
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(27). We can write

?‘o(z) §o(z)
il:(Z) = Rau(2) 1:(2)
XiL—l(z) YLfl(Z)

for an appropriately defined L x L submatrix Ry (%) of Rpig(2). Thus, as long as there exists such a submatrix
with [det Ry,p(e’“)] # 0 for any w, we can obtain the inverse R}, (¢/¢), and in principle reconstruct x(n)
from the decimated version. For the case where F(z) is an FIR filter, Rgyus(2) is a polynomial matrix and
the condition is that [det Rgup(2)] be free from unit-circle zeros. If we want the reconstruction itself to be

FIR then R, (2) has to be FIR which is possible if [det Rg,s(2)] is a pure delay, i.e.,
det Ryyp(2) = ez (FIR reconstructibility condition) (28)

for some ¢ # 0 and some integer N.

Example 3. In Example 1 we had F(z) = 1+ 2z — 22 + 2% and M = 2 so that Ro(z) = 1 — 2z and
R1(z) = 1+ z. These polyphase components have unit circle zeros, so we could not reconstruct z(n) from
either 2(2n) or z(2n — 1) in a stable manner. Now consider the scheme of Fig. 26 with L = 2. First we have

to find the 2-fold blocked versions of Ry(z) and R;(z). Since
Ro(z)=1—-z=1+2"1x(=2%

we see that its polyphase components are 1 and —z. Similarly those of R;(z) are 1 and z. Thus the L = 2

blocked versions are

In the notation of Fig. 26 we have

Xo(z) 1 -z
XQ(Z) _ -1 1 |:YQ(Z):|
X1(2) 1 =z Yi(2)
X3(2) 11
—_——
Ryig(2)

Thus Ryig(#) is a 4 x 2 matrix. Consider the submatrix
-1 1
Rsub = |: 1 1:|
This is a constant nonsingular matrix. This shows that we can write

] -]
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so that

Xo(z) 1 -z 1 —z
XQ(Z) _ -1 1 —1 XQ(Z) _ -1 1 -1 1 X2(Z>
0G| 7|1 RLG) x| =05 Lo Rk
3z
Since X (2) = Xo(2%) + 2X1(2%) + 22 X5 (2%) + 22 X;3(2%), we finally have
Xo(z%) 11—zt
_ 2 .3 X(;(Z4) 2 .3 1 z* -1 1 X2(Z4)
X(z)=[1 =z 2z 2°] Xo(=4) =05[1 =z 2* 2°] 11 [ 1 1} |:X3(Z4):|
X3(z%) 11

Sy(2) = —0.5(1 4+ 2 —22% + 22 = 25), and S3(2) = 0.5(1 + 2z + 22 — 24 + 2°)

Note that X2(z) and X3(z) are the z-transforms of z(4n — 2) and z(4n — 3) respectively. So we have shown
that z(n) can be reconstructed from x(4n — 2) and x(4n — 3) using the FIR filters S3(z) and S3(z) as shown
in Fig. 27(a). That is, we can recover all the samples of x(n) from the nonuniformly decimated version

shown by bold lines in Fig. 27(b).

X(4n-2)

X(4n-3)

@ 75 @ \ ®
e il

Fig. 27. Pertaining to Example 3. (a) FIR reconstruction of z(n) from two of its four polyphase components, and
(b) interpretation as reconstruction from nonuniformly decimated version.

6.4. Conditions For Reconstruction From Nonuniform Decimation
Note that Re;4(2) depends entirely on the filter F'(2) and integers M and L in Fig. 26. With F(z) restricted
to be FIR, what is a set of necessary and sufficient conditions for FIR reconstructibility? That is, what are
the conditions on F'(z) and M so that there will exist an L such that a submatrix Rsus(2) of Reig(2) satisfies
[det Rgup(2)] = c2~N? This is an open problem. However a set of sufficient conditions has been found [26]:
Theorem 4. Let x(n) be modelled as in Fig. 18. Let F(z) = 224261 2*Ri(2M) be FIR and assume there
is a pair of polyphase components R;(z) and R;(z) with (a) no multiple zeros and (b) no common zeros.
Then we can recover z(n) from a nonuniformly decimated version with average decimation ratio equal to

M. Moreover the reconstruction involves only FIR filtering. &

We explain the idea of the proof by an example.* Let the two FIR polyphase components R;(z) and
R;(z) in Theorem 4 be given by

Ri(z) =1+ a1zt +agz7?, Ri(z) =1+ biz "l 4+ byz 72 4 bgz 3

4A formal proof is mostly a matter of supplying more general notations at the expense of clarity.

27



Choose the block length L in Fig. 26 to be the sum of orders of R;(z) and R;(z), i.e., L =2+ 3 = 5. Then
the blocked versions R;(z) and R;(z) are

1 aiq a9 0 0 1 bl bg bg 0

0 1 a; ag 0 0 1 b1 bQ bg

RZ(Z) = 0 0 1 a1 as R](Z) = Z_lbg 0 1 b1 by
z7lay 0 0 1 a 27 by 27 lbg 0 1 b

z7lay z7'as 0O 0 1 27 27 2zl 01

As mentioned in Sec. 6.2 these are pseudocirculants. The martrix Rp;g(2) is a 10 x 5 matrix. Consider the

5 x b submatrix obtained by selecting the first three rows of R;(z) and first two rows of R;(z):

1 a; a 0 0
0 1 ay Qo 0
Rouw(z)= |0 1 a1 as
1 by by by O
0 1 b by b3

By choice this matrix is constant (i.e., no z in it). We now claim that this is a nonsingular matrix. The
proof depends crucially on the assumptions of the theorem, namely that R;(z), R;(z) have (a) no multiple
zeros and (b) no common zeros. Thus let 1/a and 1/b be the zeros of R;(z) and 1/d,1/e and 1/f the zeros

of R;(z) (the choice of notations simplify some of the following expressions). Based on these definitions we

see that
1 1 ay as 0 0 1 Rl(l/a) 0
a 0 1 a a O a aR;(1/a) 0
Rowp(2) |a® | =[]0 0 1 a1 az| |a? a’R;(1/a) | = | 0| R;(1/a)
a3 1 bl b2 b3 0 a3 R](l/a) 1
at 0 1 b by b3l La? aR;(1/a) a
Defining the Vandermonde matrix
1 1 1 1 1
a b d e f
V = CL2 b2 d2 62 f2
a3 b3 dS 63 f3
a4 b4 d4 84 f4
we therefore see that the product Rgyp(2)V has the form
0o P
Rsub(z)V |:Q 0 :|
where
| 1 1 1] [R(1/d) 0 0
Q= th H {Rj(é/a) R((i/b)] and P=|d e f 0 Ri(1/e) 0
J d?> e? f? 0 0 R;(1/f)

Since R;(z) and R;(z) do not have multiple zeros or common zeros, the five numbers a, b, d, e, f are distinct.
Thus the Vandermonde matrix V is nonsingular. Moreover P and Q are nonsingular for the same reason
(e.g., R;j(1/a) and R;(1/b) are nonzero by coprimeness). The matrix Rgu,(2) is therefore nonsingular.

Moreover since it is a constant, R,;(2) is trivially FIR. This shows that we can reconstruct the components
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yr(n) in Fig. 26 from first three outputs of R;(z) and first two outputs of R;(z). Thus y(n) (hence z(n))

can be reconstructed from an M-fold nonuniformly decimated version of x(n), using FIR filters. \VAVAV/

6.5. Multiband models

Signals which can be approximated by the model of Fig. 18 are typically those which have most energy
concentrated in a frequency band of width 27 /M. For multiband signals with energy concentrated in L < M
subbands (Fig. 28(a)) the model of Figure 28(b) can be used. Subject to minor restrictions (similar to the
one-band case) we can reconstruct the signal z(n) in Fig. 28(b) from a nonuniformly decimated version, the
average decimation ratio being M /L > 1 (see [27]). The signal z(n) can be viewed as a partial reconstructions
from perfect-reconstruction filter banks [23] of the form shown in Fig. 29. If all the M subbands are retained
then z(n) = v(n). If we drop some subbands, then z(n) is a partial reconstruction of v(n). If the filter bank
is appropriately designed, then z(n) is the orthogonal projection of v(n) onto the subspace spanned by L
of the filters Fj(z). Thus orthogonal projections admit reconstruction from subsampled versions, just as

bandlimited signals do.
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Fig. 28. (a) A signal with several bands of individual width < 2w/M, and (b) model for such a signal.
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Fig. 29. The maximally decimated filter bank.

7. CONCLUDING REMARKS

The topic of sampling continues to fascinate many researchers in science and engineering. In this paper we
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reviewed several less known aspects of sampling, with emphasis on non bandlimited signals and stability
of reconstruction. For further reading along these lines the reader should study [2], [4], [18], and [19].
Multidimensional versions of some of these results can be interesting especially in the case of nonseparable

lattice sampling.

Appendix 1. Bandlimited Singals: Evaluating Integrals from Sums
For a 0-BL signal x(t) it turns out that certain integrals can be calculated exactly by using sums of samples.

According to Shannon’s sampling theorem

o0

a(t) = Y a(nT)h(t —nT) (29)

where T'= /o and h(t) = sinot/ot. This h(t) is a lowpass filter with frequency response

. T for|w| <o
H(jw) = {
(je) 0 elsewhere.

Since [ h(t)dt = H(j0) =T we see from (29) that [x(t)dt =T, x(nT). That is,

S w(nT) = % / T sdt (30)

oo —oo
This shows that the integral of a bandlimited function can be evaluated from the sum of samples taken at
any rate above the Nyquist rate. Now the shifted sinc functions h(t —nT') constitute an orthogonal basis for
o-BL functions. That is,

/OO h(t — nT)h*(t — mT)dt = To(m — n). (31)

— 00

This can be shown by using the fact that the preceding integral is equal to T2 ffg eIwTm=n)qy, /27 (from

Parseval’s relation) and simplifying the result. Using this orthogonality it follows from (29) that

oo

> laun)P = 7 [ a0 3

n=—ooc -0
In short, the energyispreserved, that is, energy in the samples is proportional to the energy in z(t). Equations
(30) and (32) should in particular be true for the sincfunction h(t) = sin ot/ot with sample spacing T' = 7 /0.
In this case these equations yield

h(nT) = 1, h*(nT) =1, (33)
> >

n

which also follows trivially from the Nyquist(T") property of the sinc, namely h(nT) = §(n). More generally
if a signal has the form (29) for some h(t) (not necessarily bandlimited, e.g., signals in Sec. 2) we see that
the integral can be found from the sum of samples as long as [ fooo h(t —nT)dt is nonzero. Similarly (32) can

be generalized if the functions {h(t — nT)} satisfy orthogonality. For an entirely arbitrary integrable signal
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z(t) equations (30) and (32) can only be approximatey true, the approximation typically improving with the
sampling rate.

Appendix 2. Mathematical Identities From Sampling Theory

It turns out that several standard math identities can be derived from a basic knowledge of the simplest
form of sampling theory. Consider the pulse function p(¢) shown in Fig. 30(a) whose Fourier transform is

sin(w/2)
w/2

If this is sampled with spacing T' = 1 the result is z[n] = §[n], so X (e/*) = 1. But sampling theory also says

P(jw) = (34)

that X (/) =Y, P(j(w + 27k)), which proves

— sin((w+27k)/2)
k:Z_OO (w+2mk)/2 1 (35)

for all w. For example suppose w = 7, then this yields

— sin(2k+1)7/2 7
2{: 2k +1 2 (36)

k=—o0

That is, >, 44, Sin(wm/2)/m = /2 from which® we get the well-known identity

11 1 1
-4+ ——+-+... =

35 79 (87)

I

More generally, since sin((w + 27k)/2) = sin(w/2 + k) = (—1)* sin(w/2) we obtain from (35) the identity

, O<w<?2 38
:E_: w+ 27Tl<: 2sin(w/2) v (38)
@ . P ®) 1
t t
-05 0 05 -1 [} 1

Fig. 30. The pulse and triangle waveforms.

Next consider the triangle signal in Fig. 30(b), obtained by convolving the pulse with itself. This has the
Fourier transform P2 (jw). If this is sampled we again get z[n] = §[n], so X(e/*) = 1 again. But according

to sampling theory X (e/*) =Y, P?(j(w + 27k)), so

i sin?((w + 27k)/2) _q (39)

Lo (w+2mk)2/4

By setting w = m we get the identity
+y+5,+ﬁ+9f+ 5 (40)

5 Another way to arrive at this identity by starting from the FT of the bandlimited sinc function was indicated in a Caltech
lecture several years ago by the late Prof. E. C. Posner. In fact the material in App. 2 is inspired by that lecture.
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and more generally the identity > po _1/(w + 27k)? = 1/4sin?(w/2), for 0 < w < 2.
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