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ABSTRACT

In multirate processing, it is often necessary to understand

howthestatistical properties of signals (such as stationar-

ity) arealtered bypassage through MultiMate systems. Some

of these issues have been addressed in [1]. For example, it

is shown in [1] that a necessary and sufficient condition for

the output of an L-fold interpolation filter to be wide sense

stationary (WSS) for all WSS inputs, is that the filter have

analiasfree(L) support. However this result was established

using conventional tools such aspolyphase matrices, which

resulted in a convoluted derivation which does not provide

much insight. It also leaves many questions unanswered,

since it does not generalize easily to the case of systems

with vector inputs. This paper shows that problems of this

nature can be addressed in an elegant and insightful manner

by using bifrequency maps [2],[3], and bispectra [4]. In

particular, we give a simpler proof of the above-mentioned

result of [1], and generalize it to the case of vector systems.

1. INTRODUCTION

Consider the L-fold scalar interpolation filter shown in Fig. 1

For this system, [1] derives a necessary and sufficient con-

dition for the output to be wide sense stationary (WSS)

for all WSS inputs. The condition is that the filter ilf(e~ti )

have aliasfree(L) support. The derivation of this result was

based on the fact that a scalar random process is WSS iff its

blocked version is WSS with pseudocirculant power spectral

density (psd) matrix. The use of pseudocirculants however

results in very implicit conditions on the system. Trans-

forming them into the explicit aliasfree(L) condition is la-

borious, and does not provide much insight. Further, it

becomes extremely difficult to generalize this approach to

the case of multi-input multi-output (MIMO) systems with

vector random process inputs.

This paper shows that problems of this nature can be

solved very elegently and in a geometrically insightful way
using bifrequency maps [2] ,[3] and bispectra [4]. These

are two-dimensional Fourier transforms that characterize all

linear time-varying (LTV) systems and nonstationary ran-

dom processes respectively. Though these tools have been

known in the literature, they have not often been used for

analysis of multirate systems, being very general. However

they greatly simplify the analysis in the context of problems
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of the kind mentioned above. We provide a much simplified

derivation of the above-mentioned aliaafree(L) condition,

and extend it to the MIMO case shown in Fig. 2.

2. BIFREQUENCIES AND BISPECTRA

2.1. Bifrequencies and LPTV systems

A MIMO LTV system [2] with input x(n) and output y(n)

is fully specified by the time-domain input-output relation

w w

y(?7t) = ~ k(m, TJ)X(?I) = ~ h(m, ?l)X(7TZ – n) (1)
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Here k(m, n) is called the Green’s function, and is perfectly

general; while h(rn, n) is the time-varying impulse response,

useful only if the input and output rates are equal [2]. These

are related as h(m, n)=k(m, m – n). The bifrequency func-

tion of the LTV system is the 2D Fourier transform of the

Green’s function, i.e.
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m.—’x %.-CO

The LTV system is said to be LPTV(L) (linear periodically

time-varying with period L) if h(m, n) is periodic in m with

period L for each n. Such a system can be shown [5, chap-

ter 10] to be equivalent to a uniform L-channel maximally

decimated filter-bank. For such a system, the bifrequency

function can be shown [6] to consist of a set of parallel

impulsive lines, as illustrated by Fig. 3a. The q-th line is

the line u’ – w = 2mq/L. The shape of the impulse along

this line is given by a transfer function denoted by Fq (e~ti ),

which has a periodicity of L in q. For q = O, 1,...,L – 1

we have Fq (e~” ) = A* (e~ti ) where Ag (e~w ) are the alias-

ing gains [5, chapter 5] of the filter-bank, that describe the
input output relation according to
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Y(e~”) = ~ AQ(e~”)X(e~(w- ~)) (3)

*=O

Bifrequency maps have been used in [2] to elegantly ex-

plain the action of decimators and expanders on determin-
istic inputs. This paper shows that the same can be done

with stochastic inputs (not considered in [2]), which leads

to results that would be otherwise hard to see.




